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LAGRANGIAN MECHANICS
ON GENERALIZED LIE ALGEBROIDS
by
CONSTANTIN M. ARCUS¸
Abstract
A solution for the Weinstein’s Problem in the general framework of generalized
Lie algebroids is the target of this paper. We present the mechanical systems called
by use, mechanical (ρ, η)-systems, Lagrange mechanical (ρ, η)-systems or Finsler
mechanical (ρ, η)-systems and we develop their geometries. We obtain the canoni-
cal (ρ, η)-semi(spray) associated to a mechanical (ρ, η)-system. The Lagrange me-
chanical (ρ, η)-systems are the spaces necessary to develop a Lagrangian formalism.
We obtain the (ρ, η)-semispray associated to a regular Lagrangian L and external
force Fe and we derive the equations of Euler-Lagrange type. In particular, using
the Lie algebroid generalized tangent bundle of a Lie algebroid, we obtain a new
solution for the Weinstein’s problem.
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1
1 Introduction
The generalized Lie algebroid is a new notion necessary to obtain a new class of (linear)
connections in Ehresmann sense.(see [1]) The notions of IDS and EDS for Lie algebroids
presented in [3] was natural extended to generalized Lie algebroids in [2]. The identities
of Cartan and Bianchi type presented in the final of the paper [2] emphasize the impor-
tance and the utility of the exterior differential calculus for generalized Lie algebroids.
In particular there are obtained a new point of view over exterior differential calculus
for Lie algebroids.
We know the Weinstein’s Problem:
Develop a Lagrangian formalism directly on the given Lie algebroid similar to
Klein’s formalism for ordinary Lagrangian Mechanics (see [8]).
This problem was formulated by A. Weinstein in [17], where the author gave the
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations
using the dual of a Lie algebroid and the Legendre transformation defined by a regu-
lar Lagrangian. In [10], P. Liberman showed that such a formalism is not possible if
one consider the tangent bundle of a Lie algebroid as space for developing the theory.
Using the prolongation of a Lie algebroid over a smooth map, E. Martinez solved the
Weinstein’s Problem in [11] (see also [6,9]).
In this paper we propose to solve the Weinstein’s Problem in the general frame-
work of generalized Lie algebroids.
In the Sections 3, 4, 5 and 6 we set up the basic notions and terminology. The La-
grange Geometry was studied by many authors. (see [4, 5, 7, 12, 13, 14, 15, 16]) In this
paper we present the mechanical systems called by use, mechanical (ρ, η)-systems, La-
grange mechanical (ρ, η)-systems or Finsler mechanical (ρ, η)-systems. In Section 8
we study the geometry of mechanical (ρ, η)-systems. We present the canonical (ρ, η)-
semispray associated to mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from lo-
cally invertible Bv-morphism (g, h) . If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and
Fe 6= 0, then we obtain the canonical semispray associated to a connection Γ presented
by I. Bucataru and R. Miron in [5]. Also, we present the canonical (ρ, η)-spray associated
to mechanical system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism
(g, h).
The Section 9 is dedicated to study the geometry of Lagrange mechanical (ρ, η)-
systems. These mechanical systems are the spaces necessary to solve the Weinstein’s
Problem in the general framewok of generalized Lie algebroids. We determine and
we study the (ρ, η)-semispray associated to a regular Lagrangian L and external force
Fe which are applied on the total space of a generalized Lie algebroid and we derive
the equations of Euler-Lagrange type. In particular, using the Lie algebroid generali-
zed tangent bundle of a Lie algebroid, we obtain a new solution for the Weinstein’s
Problem, different by the Martinez’s solution [11].
Finally, we obtain that the integral curves of the canonical (ρ, η)-semispray associ-
ated to Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible
Bv-morphism (g, h) are the (g, h)-lifts solutions for the equations of Euler-Lagrange type
(9.10).
Using our theory, we obtain the following
2
Theorem If F is a Finsler fundamental function, then the geodesics on the manifold
M are the curves such that the components of their (g, h)-lifts are solutions for the
equations of Euler-Lagrange type (9.10) .
As any Lie algebroid can be regarded as a particularly generalized Lie algebroid,
it is natural to propose to extend the study of the Finsler geometry from the usual
Lie algebroid ((TM, τM ,M) , [, ]TM , (IdTM , IdM )) , to an arbitrary (generalized) Lie
algebroid
(
(E, π,M) , [, ]E,h , (ρ, η)
)
.
2 Preliminaries
Let Vect, Liealg, Mod, Man and Bv be the category of real vector spaces, Lie alge-
bras, modules, manifolds and vector bundles respectively.
We know that if (E, π,M) ∈ |Bv| so that M is paracompact and if A ⊆M is closed,
then for any section u over A it exists u˜ ∈ Γ (E, π,M) so that u˜|A = u. In the following,
we consider only vector bundles with paracompact base.
Aditionally, if (E, π,M) ∈ |Bv| , Γ (E, π,M) = {u ∈Man (M,E) : u ◦ π = IdM}
and F (M) = Man (M,R) , then (Γ (E, π,M) ,+, ·) is a F (M)-module. If (ϕ,ϕ0) ∈
Bv ((E, π,M) , (E′, π′,M ′)) such that ϕ0 ∈ IsoMan (M,M
′) , then, using the operation
F (M)× Γ (E′, π′,M ′) ·−−−−→ Γ (E′, π′,M ′)
(f, u′) 7−→ f ◦ ϕ−10 · u
′
it results that (Γ (E′, π′,M ′) ,+, ·) is a F (M)-module and we obtain theMod-morphism
Γ (E, π,M)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (E′, π′,M ′)
u 7−→ Γ (ϕ,ϕ0)u
defined by
Γ (ϕ,ϕ0)u (y) = ϕ
(
uϕ−10 (y)
)
,
for any y ∈M ′.
Let M,N ∈ |Man| , h ∈ IsoMan (M,N) and η ∈ IsoMan (N,M).
We know (see [2, 3]) that if (F, ν,N) ∈ |Bv| so that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple
(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
3
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then the triple
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is called generalized Lie algebroid.
In particular, if h = IdM = η, then we obtain the definition of the Lie algebroid.
We can discuss about the category GLA of generalized Lie algebroids. (see [3])
Examples of objects of this category are presented in the paper [2] .
Let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
be an object of the category GLA.
• Locally, for any α, β ∈ 1, p, we set [tα, tβ ]F,h = L
γ
αβtγ . We easily obtain that
L
γ
αβ = −L
γ
βα, for any α, β, γ ∈ 1, p.
The real local functions Lγαβ, α, β, γ ∈ 1, p will be called the structure functions of
the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
• We assume the following diagrams:
F
ρ
−−−−−→ TM
Th
−−−−−−→ TN
↓ ν ↓ τM ↓ τN
N
η
−−−−−→ M
h
−−−−−→ N
(
χı˜, zα
) (
xi, yi
) (
χı˜, z ı˜
)
where i, ı˜ ∈ 1,m and α ∈ 1, p.
If (
χı˜, zα
)
−→
(
χı˜′
(
χı˜
)
, zα′
(
χı˜, zα
))
,(
xi, yi
)
−→
(
xi´
(
xi
)
, yi´
(
xi, yi
))
and (
χı˜, z ı˜
)
−→
(
χı˜′
(
χı˜
)
, z ı˜′
(
χı˜, z ı˜
))
,
then
zα´ = Λα´αz
α ,
yi´ = ∂x
i´
∂xi
yi
and
z ı˜′ = ∂χ
ı˜′
∂χı˜
z ı˜.
• We assume that (θ, µ)
put
= (Th ◦ ρ, h ◦ η). If zαtα ∈ Γ (F, ν,N) is arbitrary, then
(2.1)
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
=
(
θı˜αz
α ∂f
∂κı˜
)
(h ◦ η (κ)) =
((
ρiα ◦ h
)
(zα ◦ h) ∂f◦h
∂xi
)
(η (κ)) ,
for any f ∈ F (N) and κ ∈ N.
4
The coefficients ρiα respectively θ
ı˜
α change to ρ
i´
α´ respectively θ
ı˜´
α´ according to the
rule:
(2.2) ρi´α´ = Λ
α
α´ρ
i
α
∂xi´
∂xi
,
respectively
(2.3) θ ı˜´α´ = Λ
α
α´θ
ı˜
α
∂κ ı˜´
∂κ ı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Remark 2.1 The following equalities hold good:
(2.4) ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κ ı˜
)
◦ h,∀f ∈ F (N) .
and
(2.5)
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
We have the Bv-morphism
(2.6)
π∗ (h∗F ) →֒ F
π∗ (h∗ν) ↓ ↓ ν
M
h◦pi
−−−−−−→ N
Let
(
pi∗(h∗F )
ρ , IdE
)
be the Bv-morphism of (π∗ (h∗F ) , π∗ (h∗ν) , E) source and (TE, τE , E)
target, where
(2.7)
π∗ (h∗F )
pi∗(h∗F )
ρ
−−−−−→ TE
ZαTα (ux) 7−→
(
Zα · ρiα ◦ h ◦ π
) ∂
∂xi
(ux)
Using the operation
Γ (π∗ (h∗F ) , π∗ (h∗ν) , E)2
[,]pi∗(h∗F )
−−−−−−−−−−−→ Γ (π∗ (h∗F ) , π∗ (h∗ν) , E)
defined by
(2.8)
[Tα, Tβ ]pi∗(h∗F ) =
(
L
γ
αβ ◦ h ◦ π
)
Tγ ,
[Tα, fTβ]pi∗(h∗F ) = f
(
L
γ
αβ ◦ h ◦ π
)
Tγ +
(
ρiα ◦ h ◦ π
) ∂f
∂xi
Tβ,
[fTα, Tβ]pi∗(h∗F ) = − [Tβ, fTα]pi∗(h∗F ) ,
for any f ∈ F (E) , it results that(
(π∗ (h∗F ) , π∗ (h∗ν) , E) , [, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
))
is a Lie algebroid.
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3 Natural and adapted basis
We consider the following diagram:
(3.1)
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, π,M) is a vector bundle and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie
algebroid.
We take
(
xi, ya
)
as canonical local coordinates on (E, π,M) , where i ∈ 1,m and
a ∈ 1, r. Let (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
be a change of coordinates on (E, π,M). Then the coordinates ya change to ya´ by the
rule:
(3.2) ya´ = M a´a y
a.
For any sections
ZαTα ∈ Γ (π∗ (h∗F ) , π∗ (h∗F ) , E)
and
Y a
∂
∂ya
∈ Γ (V TE, τE, E)
we obtain the section
Zα
∂
∂z˜α
+ Y a
∂
∂y˜a
=: Zα
(
Tα ⊕
(
ρiα ◦ h ◦ π
) ∂
∂xi
)
+ Y a
(
0pi∗(h∗F ) ⊕
∂
∂ya
)
= ZαTα ⊕
(
Zα
(
ρiα ◦ h ◦ π
) ∂
∂xi
+ Y a
∂
∂ya
)
∈ Γ
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
.
Since we have
Zα
∂
∂z˜α
+ Y a
∂
∂y˜a
= 0
m
ZαTα = 0 ∧ Zα
(
ρiα ◦ h ◦ π
) ∂
∂xi
+ Y a
∂
∂ya
= 0,
it implies Zα = 0, α ∈ 1, p and Y a = 0, a ∈ 1, r.
Therefore, the sections
∂
∂z˜1
, ...,
∂
∂z˜p
,
∂
∂y˜1
, ...,
∂
∂y˜r
are linearly independent.
We consider the vector subbundle ((ρ, η)TE, (ρ, η) τE, E) of the vector bundle(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
, for which the F (E)-module of sections is the F (E)-submodule
of
(
Γ
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
,+, ·
)
, generated by the set of sections
(3.3)
(
∂
∂z˜α
,
∂
∂y˜a
)
put
=
(
∂˜α,
·
∂˜a
)
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which is called the natural (ρ, η)-base.
The matrix of coordinate transformation on ((ρ, η)TE, (ρ, η) τE, E) at a change of
fibred charts is
(3.4)
∥∥∥∥∥∥
Λα´α ◦ h ◦ π 0(
ρia ◦ h ◦ π
) ∂M a´b ◦ π
∂xi
yb M a´a ◦ π
∥∥∥∥∥∥ .
We have the following
Theorem 3.1 Let (ρ˜, IdE) be the B
v-morphism of ((ρ, η)TE, (ρ, η) τE , E) source
and (TE, τE , E) target, where
(3.5)
(ρ, η)TE
ρ˜
−−−→TE(
Zα∂˜α + Y
a
·
∂˜a
)
(ux)7−→
(
Zα
(
ρiα◦h◦π
) ∂
∂xi
+Y a
∂
∂ya
)
(ux).
Using the operation
Γ ((ρ, η)TE, (ρ, η) τE, E)
2
[,](ρ,η)TE
−−−−−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(3.6)
[(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
,
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)]
(ρ,η)TE
=
[
Zα1 Ta, Z
β
2 Tβ
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ π
)
Zα1
∂
∂xi
+ Y a1
∂
∂ya
,
(
ρiβ ◦ h ◦ π
)
Z
β
2
∂
∂xi
+ Y b2
∂
∂yb
]
TE
,
for any
(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
and
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)
, we obtain that the couple
(
[, ](ρ,η)TE , (ρ˜, IdE)
)
is a Lie algebroid structure for the vector bundle ((ρ, η)TE, (ρ, η) τE , E) .
The Lie algebroid(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is called the Lie algebroid generalized tangent bundle.
Remark 3.1 The following equalities hold good:
(3.7)
[
∂˜α, ∂˜β
]
(ρ,η)TE
= Lγαβ ◦ h ◦ π · ∂˜γ[
∂˜α, ∂˜b
]
(ρ,η)TE
= 0(ρ,η)TE[
∂˜a, ∂˜b
]
(ρ,η)TE
= 0(ρ,η)TE
7
We consider the Bv-morphism ((ρ, η) π!, IdE) given by the commutative diagram
(3.8)
(ρ, η)TE
(ρ,η)pi!
//
(ρ,η)τE

π∗ (h∗F )
pr1

E
idE
// E
This is defined as:
(3.9) (ρ, η) π!
((
Zα∂˜α + Y
a
·
∂˜a
)
(ux)
)
= (ZαTα) (ux) ,
for any
(
Zα∂˜α + Y
a
·
∂˜a
)
∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Using the Bv-morphisms (2.6) and (3.7) we obtain the tangent (ρ, η)-application
((ρ, η)Tπ, h ◦ π) of ((ρ, η)TE, (ρ, η) τE , E) source and (F, ν,N) target.
Definition 3.1 The kernel of the tangent (ρ, η)-application is written
(V (ρ, η)TE, (ρ, η) τE, E)
and it is called the vertical subbundle.
We remark that the set
{ ·
∂˜a, a ∈ 1, r
}
is a base of the F (E)-module
(Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Proposition 3.1 The short sequence of vector bundles
(3.10)
0

 i
//

V (ρ, η)TE


 i
// (ρ, η)TE
(ρ,η)pi!
//

π∗ (h∗F ) //

0

E
IdE
// E
IdE
// E
IdE
// E
IdE
// E
is exact.
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle(E, π,M) , i. e. a Man-
morphism (ρ, η) Γ of (ρ, η)TE source and V (ρ, η)TE target defined by
(3.11) (ρ, η) Γ
(
Zα∂˜α + Y
a
·
∂˜a
)
(ux) = (Y
a + (ρ, η) ΓaαZ
α)
·
∂˜a (ux) ,
so that the Bv-morphism ((ρ, η) Γ, IdE) is a split to the left in the previous exact
sequence. Its components satisfy the law of transformation
(3.12) (ρ, η) Γa´γ´=M
a´
a ◦π
[
ρiγ◦ (h◦π)
∂Ma
b´
◦pi
∂xi
yb´+(ρ, η)Γaγ
]
Λγγ´◦ (h◦π) .
The kernel of the Bv-morphism ((ρ, η) Γ, IdE) is written (H (ρ, η)TE, (ρ, η) τE, E)
and is called the horizontal vector subbundle.
We remark that the horizontal and the vertical vector subbundles are interior dif-
ferential systems of the Lie algebroid generalized tangent bundle. (see [4])
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We put the problem of finding a base for the F (E)-module
(Γ (H (ρ, η)TE, (ρ, η) τE, E) ,+, ·)
of the type
δ
δz˜α
= Zβα ∂˜α + Y
a
α
·
∂˜a, α ∈ 1, r
which satisfies the following conditions:
(3.13)
Γ ((ρ, η) π!, IdE)
(
δ
δz˜α
)
= Tα,
Γ ((ρ, η) Γ, IdE)
(
δ
δz˜α
)
= 0.
Then we obtain the sections
(3.14) δ
δz˜α
= ∂˜α − (ρ, η) Γaα
·
∂˜a = Tα ⊕
((
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γaα∂˙a
)
.
such that their law of change is a tensorial law under a change of vector fiber charts.
The base (
δ
δz˜α
, ∂
∂y˜a
)
put
=
(
δ˜α,
·
∂˜a
)
will be called the adapted (ρ, η)-base.
Remark 3.2 The following equality holds good
(3.15) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γaα∂˙a,
where
(
∂i, ∂˙a
)
is the natural base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Moreover, if (ρ, η) Γ is the (ρ, η)-connection associated to the connection Γ (see [1]),
then we obtain
(3.16) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ π
)
δi,
where
(
δi, ∂˙a
)
is the adapted base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Theorem 3.2 The following equality holds good
(3.17)
[
δ˜α, δ˜β
]
(ρ,η)TE
= Lγαβ ◦ (h ◦ π) δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
where
(3.18)
(ρ, η, h)Raαβ = Γ (ρ˜, IdE)
(
δ˜β
)
((ρ, η) Γaα)
−Γ (ρ˜, IdE)
(
δ˜α
)(
(ρ, η) Γaβ
)
+
(
L
γ
αβ ◦ h ◦ π
)
(ρ, η) Γaγ ,
Moreover, we have:
(3.19)
[
δ˜α,
·
∂˜b
]
(ρ,η)TE
= Γ (ρ˜, IdE)
( ·
∂˜b
)
((ρ, η) Γaα)
·
∂˜a,
9
and
(3.20) Γ (ρ˜, IdE)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
[
Γ (ρ˜, IdE)
(
δ˜α
)
,Γ (ρ˜, IdE)
(
δ˜β
)]
TE
.
Let
(
dz˜α, dy˜b
)
be the natural dual (ρ, η)-base of natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
.
This is determined by the equations

〈
dz˜α, ∂˜β
〉
= δαβ ,
〈
dz˜α,
·
∂˜a
〉
= 0,
〈
dy˜a, ∂˜β
〉
= 0,
〈
dy˜a,
·
∂˜b
〉
= δab .
We consider the problem of finding a base for the F (E)-module
(Γ ((V (ρ, η)TE)∗ , ((ρ, η) τE)
∗ , E) ,+, ·)
of the type
δy˜a = θaαdz˜
α + ωabdy˜
b, a ∈ 1, n
which satisfies the following conditions:
(3.21)
〈
δy˜a,
·
∂˜a
〉
= 1 ∧
〈
δy˜a, δ˜α
〉
= 0.
We obtain the sections
(3.22) δy˜a = (ρ, η) Γaαdz˜
α + dy˜a, a ∈ 1, n.
such that their changing rule is tensorial under a change of vector fiber charts. The
base (dz˜α, δy˜a) will be called the adapted dual (ρ, η)-base.
4 The lift of a differentiable curve
We consider the following diagram:
(4.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, π,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
We admit that (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M) .
Let
I
c
−−−→ M
be a differentiable curve.
We say that (
E| Im(η◦h◦c), π| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle (E, π,M) .
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Definition 4.1 Let
(4.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
be a differentiable curve.
If there exists g ∈Man (E,F ) such that the following conditions are satisfied:
1. (g, h) ∈ Bv ((E, π,M) , (F, ν,N)) and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I,
then we will say that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.1 The condition 2 is equivalent with the following affirmation:
(4.3) ρiα (η ◦ h ◦ c (t)) · g
α
a (h ◦ c (t)) · y
a (t) = d(η◦h◦c)
i(t)
dt
, i ∈ 1,m.
Definition 4.2 If
I
c˙
−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of the differentiable curve c, then the section
(4.4)
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
Definition 4.3 If (g, h) ∈ Bv ((E, π,M) , (F, ν,N)) has the components
gαa ; a ∈ 1, r, α ∈ 1, p
such that for any vector local (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
g˜bα (κ) · g
α
a (κ) = δ
b
a,
for any κ ∈ V, then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.6)
I
c˙
−−−→ TM
t 7−→ g˜ij (c (t))
dcj (t)
dt
∂
∂xi
(c (t))
.
Moreover, if g = IdTM , then we obtain the usual lift of tangent vectors
(4.6)′
I
c˙
−−−→ TM
t 7−→
dci (t)
dt
∂
∂xi
(c (t))
.
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Definition 4.4 If
(4.7) I
c˙
−−−→ E| Im(η◦h◦c)
is a differentiable (g, h)-lift of differentiable curve c, such that its components functions(
ya, a ∈ 1, n
)
are solutions for the differentiable system of equations:
(4.8) du
a
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
α
b ◦ h ◦ c · u
b = 0,
then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η) Γ.
Remark 4.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdTM )-lift
(4.9)
I
c˙
−−−→ TM
t 7−→
(
g˜ij ◦ c ·
dcj
dt
)
∂
∂xi
(c (t)) ,
is parallel with respect to the connection Γ if the component functions(
g˜ij ◦ c ·
dcj
dt
, i ∈ 1, n
)
are solutions for the differentiable system of equations
(4.10) du
i
dt
+ Γik ◦ u (c, c˙) ◦ c · g
k
h ◦ c · u
h = 0,
namely
(4.10)′
d
dt
(
g˜ij (c (t)) ·
dcj (t)
dt
)
+Γik
((
g˜ij (c (t)) ·
dcj (t)
dt
)
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
Moreover, if g = IdTM , then the usual lift of tangent vectors (4.6)
′ is parallel with
respect to the connection Γ if the component functions
(
dcj
dt
, j ∈ 1, n
)
are solutions for
the differentiable system of equations
(4.10)′′ du
i
dt
+ Γik ◦ u (c, c˙) ◦ c · u
k = 0,
namely
(4.10)′′′ d
dt
(
dcj(t)
dt
)
+ Γik
(
dcj(t)
dt
· ∂
∂xi
(c (t))
)
· dc
k(t)
dt
= 0.
5 Remarkable Mod-endomorphisms
In the following we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
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where (E, π,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.1 For any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η) τE , E) we de-
fine the application of Nijenhuis type
Γ((ρ,η)TE,(ρ, η)τE , E)
2 Ne
−−−−−−→ Γ((ρ, η)TE,(ρ, η)τE ,E)
defined by
Ne (X,Y ) = [eX, eY ]ρTE + e
2 [X,Y ]ρTE − e [eX, Y ]ρTE − e [X, eY ]ρTE ,
for any X,Y ∈ Γ((ρ, η)TE,(ρ, η)τE,E).
5.1 Projectors
Definition 5.1.1 Any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η )τE , E) with the
property
(5.1.1) e2 = e
will be called projector.
Example 5.1.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
V
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Y a
·
∂˜a
is a projector which will be called the vertical projector.
Remark 5.1.1 We have V
(
δ˜α
)
= 0 and V
( ·
∂˜a
)
=
·
∂˜a. Therefore, it follows
V
(
∂˜α
)
= (ρ, η) Γaα
·
∂˜a.
In addition, we obtain the equality
(5.1.2) Γ ((ρ, η) Γ, IdE)
(
Zα∂˜α + Y
a
·
∂˜a
)
= V
(
Zα∂˜α + Y
a
·
∂˜a
)
,
for any Zα∂˜α + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Theorem 5.1.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism V of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.3)
V (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (V (ρ, η)TE, (ρ, η) τE , E)
V (X) = X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E)
Example 5.1.2 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
H
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Zαδ˜α
is a projector which will be called the horizontal projector.
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Remark 5.1.2 We haveH
(
δ˜α
)
=δ˜α andH
( ·
∂˜a
)
=0. Therefore, we obtainH
(
∂˜α
)
=δ˜α.
Theorem 5.1.2 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.4)
H (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (H (ρ, η)TE, (ρ, η) τE , E)
H (X) = X ⇐⇒ X ∈ Γ (H (ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.1.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.5)
H2 = H
Ker (H) = (Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Remark 5.1.3 For any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) we obtain the unique decom-
position
X = HX + VX.
Proposition 5.1.1 After some calculations we obtain
(5.1.6) NV (X,Y ) = V [HX,HY ](ρ,η)TE = NH (X,Y ) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.1.2 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NV = 0 or NH = 0.
5.2 The almost product structure
Definition 5.2.1 Any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η )τE , E) with the
property
(5.2.1) e2 = Id
will be called the almost product structure.
Example 5.2.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Zαδ˜α − Y a
·
∂˜a
is an almost product structure.
Remark 5.2.1 The previous almost product structure has the properties:
(5.2.2)
P = (2H − Id) ;
P = (Id− 2V) ;
P = (H− V) .
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Remark 5.2.2 We obtain that P
(
δ˜α
)
= δ˜α and P
( ·
∂˜a
)
= −
·
∂˜a. Therefore, it
follows
P
(
∂˜α
)
= δ˜α − ρΓ
a
α
·
∂˜a.
Theorem 5.2.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism P of Γ ((ρ, η)TE, (ρ, η) τE, E) with the
following property:
(5.2.3) P (X) = −X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) .
Proposition 5.2.1 After some calculations, we obtain
NP (X,Y ) = 4V [HX,HY ] ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.1 The horizontal interior differential system (H (ρ, η)TE, (ρ, η) τE , E)
is involutive if and only if NP = 0.
5.3 The almost tangent structure
Definition 5.3.1 AnyMod-endomorphism e of (Γ((ρ, η)TE, (ρ, η)τE, E) with the prop-
erty
(5.3.1) e2 = 0
will be called the almost tangent structure.
Example 5.3.1 If (E, π,M) = (F, ν,N), g ∈ Man (E,E) such that (g, h) is a
locally invertible Bv-morphism, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Zaδ˜a + Y
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ π
)
Za
·
∂˜b
is an almost tangent structure which will be called the almost tangent structure associ-
ated to the Bv-morphism (g, h). (See: Definition 4.3)
Remark 5.3.1 We obtain that
J(g,h)
(
δ˜a
)
= J(g,h)
(
∂˜a
)
=
(
g˜ba ◦ h ◦ π
) ·
∂˜b and J(g,h)
( ·
∂˜b
)
= 0.
and we have the following properties:
(5.3.2)
J(g,h) ◦ P = J(g,h);
P ◦ J(g,h) = −J(g,h);
J(g,h) ◦ H = J(g,h);
H ◦ J(g,h) = 0;
J(g,h) ◦ V = 0;
V ◦ J(g,h) = J(g,h);
NJ(g,h) = 0.
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6 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, π,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
be the F (E)-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(H (ρ, η)TE, (ρ, η) τE , E)⊕ (V (ρ, η)TE, (ρ, η) τE, E) .
An arbitrarily tensor field T is written as
T = T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs .
Let
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗)
be the tensor fields algebra of generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
If T1 ∈ T
p1,r1
q1,s1 ((ρ, η)TE, (ρ, η)τE, E) and T2∈T
p2,r2
q2,s2 ((ρ, η)TE, (ρ, η)τE , E), then the
components of product tensor field T1 ⊗ T2 are the products of local components of T1
and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2 ((ρ, η)TE, (ρ, η) τE, E) .
Let DT ((ρ, η)TE, (ρ, η)τE, E) be the family of tensor fields
T ∈ T ((ρ, η)TE, (ρ, η)τE , E)
for which there exists
T1 ∈ T
p,0
q,0 ((ρ, η)TE, (ρ, η)τE , E) and T2 ∈ T
0,r
0,s ((ρ, η)TE, (ρ, η)τE , E)
such that T = T1 + T2.
The F (E)-module (DT ((ρ, η)TE, (ρ, η) τE , E) ,+, ·) will be called the module of
distinguished tensor fields or the module of tensor d-fields.
Remark 5.1 The elements of
Γ ((ρ, η)TE, (ρ, η) τE, E)
respectively
Γ(((ρ, η)TE)∗, ((ρ, η)τE)
∗, E)
are tensor d-fields.
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Definition 6.1 Let (E, π,M) be a vector bundle endowed with a (ρ, η)-connection
(ρ, η) Γ and let
(6.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
The real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined by the following equalities:
(6.2)
(ρ, η)D
δ˜γ
δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βcδ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
are the components of a linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which will be called the dis-
tinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection (H,V ) will be denoted(
H ijk,H
a
bk, V
i
jc, V
a
bc
)
.
Theorem 6.1 If ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)-connection for
the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E), then its components satisfy the
change relations:
(6.3)
(ρ, η)H α´β´γ´ = Λ
α´
α ◦ h ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ´ ◦ h ◦ π
)
+
+ (ρ, η)Hαβγ · Λ
β
β´ ◦ h ◦ π
]
· Λγγ´ ◦ h ◦ π,
(ρ, η)H a´b´γ´ = M
a´
a ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)
(Mab´ ◦ π)+
+ (ρ, η)Habγ ·M
b
b´ ◦ π
]
· Λγγ´ ◦ h ◦ π,
(ρ, η)V α´β´c´ = Λ
α
α´ ◦ h ◦ π · (ρ, η)V
α
βc · Λ
β
β´ ◦ h ◦ π ·M
c
c´ ◦ π,
(ρ, η)V a´b´c´ = M
a´
a ◦ π · (ρ, η)V
a
bc ·M
b
b´ ◦ π ·M
c
c´ ◦ π.
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The components of a distinguished linear connection (H,V ) verify the change rela-
tions:
(6.3′)
H i´j´k´ =
∂xi´
∂xi
◦ π ·
[
δ
δxk
(
∂xi
∂xj´
◦ π
)
+H ijk ·
∂xj
∂xj´
◦ π
]
·
∂xk
∂xk´
◦ π,
H a´b´k´ = M
a´
a ◦ π ·
[
δ
δxk
(Mab´ ◦ π) +H
a
bk ·M
b
b´ ◦ π
]
·
∂xk
∂xk´
◦ π,
V i´j´ c´ =
∂xi´
∂xi
◦ π · V ijc
∂xj
∂xj´
◦ π ·M cc´ ◦ π,
V a´b´c´ = M
a´
a ◦ π · V
a
bc ·M
b
b´ ◦ π ·M
c
c´ ◦ π.
Example 6.1 If (E, π,M) is a vector bundle endowed with the (ρ, η)-connection
(ρ, η) Γ, then the local real functions(
∂(ρ,η)Γaγ
∂yb
,
∂(ρ,η)Γaγ
∂yb
, 0, 0
)
are the components of a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE , E) ,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
Theorem 6.2 If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τE ,E) is endowed with
a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then, for any
X = Z˜αδ˜α + Y
a
·
∂˜a ∈ Γ((ρ, η)TE,(ρ,η)τE ,E)
and for any
T ∈ T prqs ((ρ, η)TE,(ρ, η)τE ,E),
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs + Y cT
α1...αpa1...ar
β1...βqb1...bs
|c δ˜α1 ⊗ ...⊗
⊗δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)Hα1αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)Hββ1γT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)HββqγT
α1...αpa1...ar
β1...βq−1βb1...bs
+(ρ, η)Ha1aγT
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)HaraγT
α1...αpa1...ar−1a
β1...βqb1...bs
− (ρ, η)Hbb1γT
α1...αpa1...ar
β1...βqbb2...bs
− ...− (ρ, η)HbbsγT
α1...αpa1...ar
β1...βqb1...bs−1b
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and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ (ρ˜, IdE)
( ·
∂˜c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)V α1αc T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)V
αp
αc T
α1...αp−1αa1...ar
β1...βqb1...bs
−
− (ρ, η)V ββ1cT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)V ββqcT
α1...αpa1...ar
β1...βq−1βb1...bs
+
+(ρ, η)V a1ac T
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)V arac T
α1...αpa1...ar−1a
β1...βqb1...bs
−
− (ρ, η)V bb1cT
α1...αpa1...ar
β1...βqbb2...bs−
...− (ρ, η)V bbscT
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 6.2 We assume that (E, π,M) = (F, ν,N) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M) and(
(ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc
)
are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle ((ρ, η)TE, (ρ, η) τE, E) such that
(ρ, η)Habc = (ρ, η) H˜
a
bc and (ρ, η)V
a
bc = (ρ, η) V˜
a
bc,
then we will say that the generalized tangent bundle ((ρ,η)TE, (ρ,η)τE ,E) is endowed
with a normal distinguished linear (ρ, η)-connection on components ((ρ, η)Habc, (ρ, η)V
a
bc).
The components of a normal distinguished linear (IdTM , IdM )-connection (H,V )
will be denoted
(
H ijk, V
i
jk
)
.
7 Mechanical systems
We consider the following diagram:
(7.1)
E
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
where
(
(E, π,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 7.1 A triple
(7.2) ((E, π,M) , Fe, (ρ, η) Γ) ,
where
(7.3) Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E)
is an external force and (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M),
will be called the mechanical (ρ, η)-system.
Definition 7.2 A smooth Lagrange fundamental function on the vector bundle
(E, π,M) is a mapping E
L
−−−→ R which satisfies the following conditions:
19
1. L ◦ u ∈ C∞ (M), for any u ∈ Γ (E, π,M) \ {0};
2. L ◦ 0 ∈ C0 (M), where 0 means the null section of (E, π,M) .
Let L be a Lagrangian defined on the total space of the vector bundle (E, π,M) .
If (U, sU ) is a local vector (m+ r)-chart for (E, π,M), then we obtain the following
real functions defined on π−1 (U):
(7.5)
Li
put
=
∂L
∂xi
put
=
∂
∂xi
(L) Lib
put
=
∂2L
∂xi∂yb
put
=
∂
∂xi
(
∂
∂yb
(L)
)
La
put
=
∂L
∂ya
put
=
∂
∂ya
(L) Lab
put
=
∂2L
∂ya∂yb
put
=
∂
∂ya
(
∂
∂yb
(L)
)
.
Definition 7.3 If for any vector local m+ r-chart (U, sU ) of (E, π,M) , we have:
(7.6) rank ‖Lab (ux)‖ = r,
for any ux ∈ π−1 (U) \ {0x}, then we will say that the Lagrangian L is regular.
Proposition 7.1 If the Lagrangian L is regular, then for any vector local m+r-chart
(U, sU ) of (E, π,M) , we obtain the real functions L˜
ab locally defined by
(7.8) π
−1 (U)
L˜ab
−−−−−→ R
ux 7−→ L˜ab (ux)
,
where
∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1, for any ux ∈ π−1 (U) \ {0x} .
Definition 7.4 A smooth Finsler fundamental function on the vector bundle (E, π,M)
is a mapping
E
F
−−−→ R+
which satisfies the following conditions:
1. F ◦ u ∈ C∞ (M), for any u ∈ Γ (E, π,M) \ {0};
2. F ◦ 0 ∈ C0 (M), where 0 means the null section of (E, π,M);
3. F is positively 1-homogenous on the fibres of vector bundle (E, π,M) ;
4. For any vector local m+ r-chart (U, sU ) of (E, π,M) , the hessian:
(7.9)
∥∥F 2ab (ux)∥∥
is positively define for any ux ∈ π−1 (U) \ {0x}.
Definition 7.5 If L (respectively F ) is a smooth Lagrange (respectively Finsler
function), then the triple
((E, π,M) , Fe, L) ( respectively ((E, π,M) , Fe, F ))
where Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) is an external force, is called Lagrange
mechanical (ρ, η)-system and Finsler mechanical (ρ, η)-system, respectively.
Any Lagrange mechanical (IdTM , IdM )-system and any Finsler mechanical
(IdTM , IdM )-system will be called Lagrange mechanical system and Finsler mechanical
system, respectively.
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8 (ρ, η)-semisprays and (ρ, η)-sprays for mechanical (ρ, η)-
systems
Let ((E, π,M) , Fe, (ρ, η)Γ) be an arbitrary mechanical (ρ, η)-system.
Definition 8.1 The vertical section C=ya
·
∂˜awill be called the Liouville section.
A section S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) will be called (ρ, η)-semispray if there exists
an almost tangent structure e such that e (S) = C.
Let g ∈ Man (E,E) be such that (g, h) is a locally invertible Bv-morphism of
(E, π,M) source and target.
Theorem 8.1 The section
(8.2) S = (gab ◦ h ◦ π) y
b∂˜a − 2
(
Ga − 14F
a
) ·
∂˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(8.3)
(ρ, η) Γac =
(
g˜bc ◦ h ◦ π
) ∂(Ga− 14F a)
∂yb
−12
(
gde ◦ h ◦ π
)
yeL
f
dc
(
g˜af ◦ h ◦ π
)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
In addition, we remark that the local real functions
(8.4)
(ρ, η) Γ˚ac =
(
g˜bc ◦ h ◦ π
)
∂Ga
∂yb
−12
(
gde ◦ h ◦ π
)
yeLbdc (g˜
a
b ◦ h ◦ π)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, π,M) .
The (ρ, η)-semispray S will be called the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism
(g, h) .
Proof. We consider the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
X 7−→ J(g,h) [S,X](ρ,η)TE −
[
S,J(g,h)X
]
(ρ,η)TE
.
Let X = Za∂˜a + Y
a
·
∂˜a be an arbitrary section. Since
[S,X](ρ,η)TE =
[
(gae ◦ h ◦ π · y
e) ∂˜a, Z
b∂˜b
]
(ρ,η)TE
+
[
(gae ◦ h ◦ π · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
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and [
(gae ◦ h ◦ π · y
e) ∂˜a, Z
b∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zc
∂xi
∂˜c
−Zb
(
ρ
j
b ◦ h ◦ π
) ∂ (gce ◦ h ◦ π)
∂xj
ye∂˜c
+(gae ◦ h ◦ π) y
eZbLcab∂˜c,[
(gae ◦ h ◦ π · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Y c
∂xi
·
∂˜c
−Y bgcb ∂˜c,[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b∂˜b
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Zc
∂ya
∂˜c
−2Zbρjb ◦ h ◦ π
∂
(
Gc − 14F
c
)
∂xj
·
∂˜c,
[
2
(
Ga − 14F
a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= 2
(
Ga − 14F
a
)
∂Y c
∂ya
·
∂˜c − 2Y b
∂
(
Gc −
1
4
F c
)
∂yb
·
∂˜c,
it results that
(P1)
J(g,h) [S,X](ρ,η)TE = (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zc
∂xi
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−Zb
(
ρ
j
b ◦ h ◦ π
) ∂ (gce ◦ h ◦ π)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+(gae ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d − Y
d
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Zc
∂ya
(
g˜dc ◦ h ◦ π
) ·
∂˜d.
Since
[
S,J(g,h)X
]
(ρ,η)TE
=
[
(gae ◦ h ◦ π) y
e∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
and[
(gae ◦ h ◦ π) y
e∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
= −Zd∂˜d + (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zb
∂xi
(
g˜db ◦ h ◦ π
) ·
∂˜d
− (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂
(
g˜db ◦ h ◦ π
)
∂xi
·
∂˜d,[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Zb
∂ya
(
g˜db ◦ h ◦ π
) ·
∂˜d
−Zb (g˜cb ◦ h ◦ π)
∂2
(
Gd − 14F
d
)
∂yc
·
∂˜d
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it results that
(P2)
[
S,J(g,h)X
]
(ρ,η)TE
= −Zd∂˜d + (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zb
∂xi
(
g˜db ◦ h ◦ π
) ·
∂˜d
− (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂
(
g˜db ◦ h ◦ π
)
∂xi
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Zb
∂ya
(
g˜db ◦ h ◦ π
) ·
∂˜d
+Zb (g˜cb ◦ h ◦ π)
∂2
(
Gd − 14F
d
)
∂yc
·
∂˜d.
Using equalities (P1) and (P2), we obtain:
P
(
Za∂˜a + Y
a
·
∂˜a
)
= Za∂˜a − Y d
·
∂˜d + (g
a
e ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−Zb
(
ρ
j
b ◦ h ◦ π
)
∂(gce◦h◦pi)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+(gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂(g˜db ◦h◦pi)
∂xi
·
∂˜d
−Zb (g˜cb ◦ h ◦ π)
∂2(Gd− 14F
d)
∂yc
·
∂˜d
After some calculations, it results that P is an almost product structure.
Using the equalities (5.1.2) and (5.2.2) it results that
P
(
Za∂˜a + Y
a
·
∂˜a
)
= (Id− 2 (ρ, η) Γ)
(
Za∂˜a + Y
a
·
∂˜a
)
,
for any Za∂˜a + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) and we obtain
(ρ, η) Γ
(
Za∂˜a + Y
a
·
∂˜a
)
= Y d
·
∂˜d −
1
2 (g
a
e ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+12Z
b
(
ρ
j
b ◦ h ◦ π
)
∂(gce◦h◦pi)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−12 (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂(g˜db ◦h◦pi)
∂xi
·
∂˜d
+Zb (g˜cb ◦ h ◦ π)
∂(Gd− 14F
d)
∂yc
·
∂˜d.
Since
(ρ, η) Γ
(
Za∂˜a + Y
a
·
∂˜a
)
=
(
Y d + (ρ, η) ΓdbZ
b
) ·
∂˜d
it results the relations (8.3). In addition, since
(ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
g˜dc ◦ h ◦ π
∂F a
∂yd
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and
(ρ, η) Γ˚a´c´ = (ρ, η) Γ
a´
c´ +
1
2
g˜b´c´ ◦ h ◦ π
∂F a´
∂yb´
= M a´a ◦ π
(
ρic ◦ h ◦ π ·
∂Mab´
∂xi
yb´ + (ρ, η) Γac
)
M cc´ ◦ h ◦ π
+M a´a ◦ π
(
1
4
g˜bc ◦ h ◦ π ·
∂F a
∂yb
)
M cc´ ◦ h ◦ π
= M a´a ◦π
(
ρic◦h◦π ·
∂Mab´
∂xi
yb´ +
(
(ρ, η) Γac +
1
4
g˜bc◦h◦π ·
∂F a
∂yb
))
M cc´ ◦h◦π
= M a´a ◦π
(
ρic◦h◦π ·
∂Mab´
∂xi
yb´ + (ρ, η) Γ˚ac
)
M cc´ ◦h◦π
it results the conclusion of the theorem. q.e.d.
Remark 8.1 If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe 6= 0, then we ob-
tain the canonical semispray associated to connection Γ which is not the same canonical
semispray presented by I. Bucataru and R. Miron in [5].
In particular, if (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe = 0, then we
obtain the classical canonical semispray associated to connection Γ.
Using Theorem 8.1, we obtain the following:
Theorem 8.2 The following properties hold good:
1◦ Since
◦
δ˜c = ∂˜c − (ρ, η) Γ˚ac
·
∂˜a, c ∈ 1, r, it results that
(8.5)
◦
δ˜c = δ˜c −
1
4 g˜
b
c ◦ h ◦ π ·
∂F a
∂yb
·
∂˜a, c ∈ 1, r.
2◦ Since δ˚y˜a = (ρ, η) Γ˚acdz˜
c + dy˜a, it results that
(8.6) δ˚y˜a = δy˜a + 14 g˜
b
c ◦ h ◦ π
∂F a
∂yb
dz˜c, a ∈ 1, r.
Theorem 8.3 The real local functions
(8.7)
(
∂(ρ,η)Γac
∂yb
,
∂(ρ,η)Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
and
(8.7′)
(
∂(ρ,η)˚Γac
∂yb
,
∂(ρ,η)˚Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
respectively, are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
Theorem 8.4 The tensor of integrability of the (ρ, η)-connection (ρ, η) Γ˚ is as fol-
lows:
(8.8)
(ρ, η, h) R˚acd = (ρ, η, h)R
a
cd +
1
4
(
g˜ed ◦ h ◦ π
∂F a
∂ye |c
− g˜ec ◦ h ◦ π
∂F a
∂ye |d
)
+
1
16
(
g˜ed ◦ h ◦ π
∂F b
∂ye
g˜fc ◦ h ◦ π
∂2F a
∂yb∂yf
− g˜fc ◦ h ◦ π
∂F b
∂yf
g˜ed ◦ h ◦ π
∂2F a
∂yb∂ye
)
+
1
4
(
L
f
cd ◦ h ◦ π
) (
g˜ef ◦ h ◦ π
) ∂F a
∂ye
,
24
where |c is the h-covariant derivation with respect to the normal Berwald linear (ρ, η)-
connection (8.7).
Proof. Since
(ρ, η, h) R˚acd = Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
− Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
+Lecd ◦ h ◦ (h ◦ π) (ρ, η) Γ˚
a
e ,
and
Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
= Γ (ρ˜, IdE)
(
δ˜c
)
((ρ, η) Γad)
+
1
4
Γ (ρ˜, IdE)
(
δ˜c
)(
g˜ed ◦ h ◦ π
∂F a
∂ye
)
−
1
4
g˜ec ◦ h ◦ π
∂F f
∂ye
∂
∂yf
((ρ, η) Γad)
−
1
16
g˜ec ◦ h ◦ π
∂F f
∂ye
∂
∂yf
(
g˜ed ◦ h ◦ π
∂F a
∂ye
)
,
Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
= Γ (ρ˜, IdE)
(
δ˜d
)
((ρ, η) Γac)
+
1
4
Γ (ρ˜, IdE)
(
δ˜d
)(
g˜ec ◦ h ◦ π
∂F a
∂ye
)
−
1
4
g˜ed ◦ h ◦ π
∂F f
∂ye
∂
∂yf
((ρ, η) Γac)
−
1
16
g˜ed ◦ h ◦ π
∂F f
∂ye
∂
∂yf
(
g˜ec ◦ h ◦ π
∂F a
∂ye
)
,
Lecd ◦ h ◦ π · (ρ, η) Γ˚
a
e = L
e
cd ◦ h ◦ π · (ρ, η) Γ
a
e
+Lecd ◦ h ◦ π ·
(
g˜fe ◦ h ◦ π
∂F a
∂yf
)
it results the conclusion of the theorem. q.e.d.
Proposition 8.1 If S is the canonical (ρ, η)-semispray associated to the mechanical
(ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from B
v-morphism (g, h), then
(8.9) 2Ga´ = 2GaM a´a ◦ h ◦ π − (g
a
b ◦ h ◦ π) y
b
(
ρia ◦ h ◦ π
)
∂ya´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂M a´a ◦ π
∂xi
ya M a´a ◦ π
∥∥∥∥∥∥ =
∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂ya´
∂xi
M a´a ◦ π
∥∥∥∥∥∥
and∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂ya´
∂xi
M a´a ◦ π
∥∥∥∥∥∥ ·

 (gab ◦ h ◦ π) yb
−2
(
Ga −
1
4
F a
)  =


(
ga´b´ ◦ h ◦ π
)
yb´
−2
(
Ga´ −
1
4
F a´
)  ,
the conclusion results immediately.
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In the following, we consider a differentiable curve I
c
−→ M and its (g, h)-lift I
c˙
−→ E.
q.e.d.
Definition 8.3 If it is verifies the following equality:
(8.10) dc˙(t)
dt
= Γ (ρ˜, IdE)S (c˙ (t)) ,
then we say that the curve c˙ is an integral curve of the (ρ, η)-semispray S of the me-
chanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ),
Theorem 8.5 All (g, h)-lifts solutions of the equations:
(8.11) dy
a(t)
dt
+ 2Ga◦ u (c, c˙) (x (t))=12F
a◦ u (c, c˙) (x (t)), a∈1,r,
where x (t) = (η ◦ h ◦ c) (t) , are integral curves of the canonical (ρ, η)-semispray asso-
ciated to mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible
Bv-morphism (g, h) .
Proof. Since the equality
dc˙(t)
dt
= Γ (ρ˜, IdE)S (c˙ (t))
is equivalent to
d
dt
((η ◦ h ◦ c)i(t), ya(t))
=
(
ρia ◦ η ◦ h ◦ c(t)g
a
b ◦ h ◦ c(t)y
b(t),−2
(
Ga −
1
4
F a
)
((η ◦ h ◦ c)i(t), ya(t))
)
,
it results
dya (t)
dt
+ 2Ga
(
xi (t) , ya (t)
)
=
1
2
F a
(
xi (t) , ya (t)
)
, a ∈ 1, n,
dxi (t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
a
b ◦ h ◦ c (t) y
b (t) ,
where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 8.4 If S is a (ρ, η)-semispray, then the vector field
(8.12) [C, S](ρ,η)TE − S
will be called the derivation of (ρ, η)-semispray S.
The (ρ, η)-semispray S will be called (ρ, η)-spray if the following conditions are
verified:
1. S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
1. S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
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Theorem 8.6 If S is the canonical (ρ, η)-spray associated to mechanical (ρ, η)-
system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h), then
(8.13)
2
(
Ga − 14F
a
)
= (ρ, η) Γac
(
gcf ◦ h ◦ π
)
yf
+12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
−12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
+12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
yf
We obtain the spray
(8.14)
S = (gab ◦ h ◦ π) y
b∂˜a + (ρ, η) Γ
a
c
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
+12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
−12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
+12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
This spray will be called the canonical (ρ, η)-spray associated to mechanical system
((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h).
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ which is similar with the classical canonical
spray associated to connection Γ.
Proof. Since
[C, S](ρ,η)TE =
[
ya
·
∂˜a,
(
gbe ◦ h ◦ π · y
e
)
∂˜b
]
(ρ,η)TE
− 2
[
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
,
[
ya
·
∂˜a,
(
gbe ◦ h ◦ π · y
e
)
∂˜b
]
(ρ,η)TE
=
(
gbe ◦ h ◦ π · y
e
)
∂˜b
and [
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
) ·
∂˜b
it results that
(S1) [C, S](ρ,η)TE − S = 2
(
−yf
∂
(
Ga − 14F
a
)
yf
+ 2
(
Ga −
1
4
F a
)) ·
∂˜a
Using equality (8.3), it results that
(S2)
∂
(
Ga − 14F
a
)
yf
= (ρ, η) Γac
(
gcf ◦ h ◦ π
)
+12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
−12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
+12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
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Using equalities (S1) and (S2), it results the conclusion of the theorem. q.e.d.
Theorem 8.7 All (g, h)-lifts solutions of the following system of equations:
(8.15)
dya
dt
+ (ρ, η) Γac
(
gcf ◦ h ◦ π
)
yf
+
1
2
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
−
1
2
(
ρjc ◦ h ◦ π
) ∂ (gbe ◦ h ◦ π)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
+
1
2
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂ (g˜ac ◦ h ◦ π)
∂xi
(
gcf ◦ h ◦ π
)
yf = 0,
are the integral curves of canonical (ρ, η)-spray associated to mechanical (ρ, η)-system
((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h) .
9 A Lagrangian formalism for Lagrange mechanical (ρ, η)-
systems
Let ((E, π,M) , Fe, L) be an arbitrarily Lagrange mechanical (ρ, η)-system.
Let (dz˜α, dy˜a) be the natural dual (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
.
It is very important to remark that the 1-forms dz˜a, dy˜a, a ∈ 1, p are not the
differentials of coordinates functions as in the classical case, but we will use the same
notations. In this case
(dz˜a) 6= d(ρ,η)TE (z˜a) = 0,
where d(ρ,η)TE is the exterior differentiation operator associated to exterior differential
F (E)-algebra
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧) .
Let L be a regular Lagrangian and let (g, h) be a locally invertible Bv-morphism of
(E, π,M) source and (E, π,M) target.
Definition 9.1 The 1-form
(9.1) θL = (g˜
e
a ◦ h ◦ π · Le) dz˜
a
will be called the 1-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
We obtain easily:
(9.2) θL
(
∂˜a
)
= g˜eb ◦ h ◦ π · Le, θL
( ·
∂˜b
)
= 0.
Definition 9.2 The 2-form
ωL = d
(ρ,η)TEθL
will be called the 2-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
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By the definition of d(ρ,η)TE , we obtain:
(9.3)
ωL (U, V ) = Γ (ρ˜, IdE) (U) (θL (V ))
−Γ (ρ˜, IdE) (V ) (θL (U))− θL
(
[U, V ](ρ,η)TE
)
,
for any U, V ∈ Γ ((ρ, η)TE, (ρ, η) τE , E).
Definition 9.3 The real function
(9.4) EL = (gae ◦ h ◦ π) y
eLa − L
will be called the energy of regular Lagrangian L.
Theorem 9.1 The equation
(9.5) iS (ωL) = −d(ρ,η)TE (EL) , S ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) ,
has an unique solution SL (g, h) of the type:
(9.6) (gae ◦ h ◦ π) y
e∂˜a − 2
(
Ga − 14F
a
) ·
∂˜a,
where
(9.7) −2
(
Ga − 14F
a
)
= Eb (L, g, h) L˜
be (gae ◦ h ◦ π)
and
(9.8)
Eb (L, g, h) =
(
ρib◦h◦π
)
Li
−
(
ρib◦h◦π
) ∂((gae◦h◦pi)yeLa)
∂xi
−
(
gdf ◦ h ◦ π
)
yf
(
ρid◦h◦π
) ∂((g˜eb◦h◦pi)Le)
∂xi
+
(
gdf ◦ h ◦ π
)
yf
(
ρib◦h◦π
) ∂((g˜ed◦h◦pi)Le)
∂xi
+
(
gdf ◦ h ◦ π
)
yf (Lcab◦h◦π) (g˜
e
c ◦ h ◦ π)Le
SL (g, h) will be called the canonical (ρ, η)-semispray associated to Lagrange mecha-
nical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
Proof. We obtain that
iS (ωL) = −d
(ρ,η)TE (EL)
if and only if
ωL (S,X) = −Γ (ρ˜, IdE) (X) (EL) ,
for any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Particularly, we obtain:
ωL
(
S, ∂˜b
)
= −Γ (ρ˜, IdE)
(
∂˜b
)
(EL) .
If we expand this equality, we obtain(
gdf ◦ h ◦ π
)
yf
[(
ρid◦h◦π
) ∂((g˜eb◦h◦pi)Le)
∂xi
−
(
ρib◦h◦π
) ∂((g˜ed◦h◦pi)Le)
∂xi
− (Lcab◦h◦π) (g˜
e
c ◦ h ◦ π)Le]− 2
(
Ga −
1
4
F a
)
(g˜ea ◦ h ◦ π) · Leb
= ρib◦h◦π · Li −
(
ρib◦h◦π
) ∂ ((gae ◦ h ◦ π) yeLa)
∂xi
.
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After some calculations, we obtain the conclusion of the theorem. q.e.d.
Remark 9.1 If Fe = 0 and η = IdM , then
Eb (L, IdE , IdM ) =
(
ρib◦π
)
Li − yd
(
ρib◦π
)
Lid + y
d (Lcdb◦π)Lc
and SL (IdE , IdM )
put
= SL is the canonical ρ-semispray associated to regular Lagrangian
L which is similar with the semispray presented in [9] by M. de Leon, J. Marrero and
E. Martinez.
In addition, if Fe 6= 0 and (ρ, η) = (IdTM , IdM ), then SL (IdE , IdM )
put
= SL will
be called the canonical semispray which is similar with the semispray presented by
I. Bucataru and R. Miron in [5].
In particular, if Fe = 0 and (ρ, η) = (IdTM , IdM ), then SL (IdM , IdE)
put
= SL will be
called the canonical semispray which is similar with the canonical semispray presented
by R. Miron and M. Anastasiei in [13]. (see also [14])
Theorem 9.2 If SL (g, h) is the canonical (ρ, η)-semispray associated to Lagrange
mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism
(g, h), then the real local functions
(9.9)
(ρ, η) Γac = −
1
2
(
g˜dc ◦ h ◦ π
) ∂(Eb(L,g,h)L˜be(gae◦h◦pi))
∂yd
−12
(
gde ◦ h ◦ π
)
ye
(
L
f
dc ◦ h ◦ π
)(
g˜af ◦ h ◦ π
)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, π,M) which
will be called the (ρ, η)-connection associated to Lagrange mechanical (ρ, η)-system
((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
In particular, if η = h = IdM and g = IdE , then we obtain
(9.9′) ρΓac = −
1
2
∂
(
Eb (L, IdE , IdM ) L˜
ba
)
∂yc
−
1
2
ybLabc ◦ π.
Theorem 9.3 The parallel (g, h)-lifts with respect to (ρ, η)-connection (ρ, η) Γ are
the integral curves of the canonical (ρ, η)-semispray associated to mechanical (ρ, η)-
system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h) .
Definition 9.4 The equations
(9.10)
dya (t)
dt
−
(
Eb (L, g, h) L˜
be (gae ◦ h ◦ π)
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = η ◦ h ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-
morphism (g, h) .
The equations
(9.10′)
dya (t)
dt
−
(
Eb (L, IdE , IdM ) L˜
ba
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = c (t), will be called the equations of Euler-Lagrange type associated to
Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L).
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Remark 9.1 The integral curves of the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h)
are the (g, h)-lifts solutions for the equations of Euler-Lagrange type (9.10).
Using our theory, we obtain the following
Theorem 9.4 If F is a Finsler fundamental function, then the geodesics on the
manifold M are the curves such that the components of their (g, h)-lifts are solutions
for the equations of Euler-Lagrange type (9.10) .
Therefore, it is natural to propose to extend the study of the Finsler geometry from
the usual Lie algebroid ((TM, τM ,M) , [, ]TM , (IdTM , IdM )) , to an arbitrary (generali-
zed) Lie algebroid
(
(E, π,M) , [, ]E,h , (ρ, η)
)
.
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LAGRANGIAN MECHANICS
ON GENERALIZED LIE ALGEBROIDS
by
CONSTANTIN M. ARCUS¸
Abstract
A solution for the Weinstein’s Problem in the general framework of generalized
Lie algebroids is the target of this paper. We present the mechanical systems called
by use, mechanical (ρ, η)-systems, Lagrange mechanical (ρ, η)-systems or Finsler
mechanical (ρ, η)-systems and we develop their geometries. We obtain the canoni-
cal (ρ, η)-semi(spray) associated to a mechanical (ρ, η)-system. The Lagrange me-
chanical (ρ, η)-systems are the spaces necessary to develop a Lagrangian formalism.
We obtain the (ρ, η)-semispray associated to a regular Lagrangian L and external
force Fe and we derive the equations of Euler-Lagrange type. A new point of view
over classical and modern results about Lagrangian Mechanics are presented.
2000 Mathematics Subject Classification: 00A69, 58B34, 53B05, 53C05.
Keywords: fiber bundle, vector bundle, (generalized) Lie algebroid, (linear) con-
nection, curve, lift, natural base, adapted base, projector, almost product structure,
almost tangent structure, complex structure, spray, semispray, mechanical system,
Lagrangian formalism.
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1
1 Introduction
The notion of Lagrange space was introduced and studied by J. Kern [7] and R. Miron
[12] . The geometry of Lagrange spaces was extensively examined by geometers and
physicists from Canada, Germany, Hungary, Italy, Japan, Romania, Russia and USA.
Many international conferances were devoted to debate this subject, proceedings and
monographs were published [4, 5, 13, 14, 15, 18] . In the classical sense, a regular La-
grangian on TM is a smooth function TM
L
−→ R such that the Hessian matrix
with entries
gij (x, p) =
1
2
∂2H(x,y)
∂yi∂yj
is everywhere nondegenerate on TM (or on a domain of TM) and a Lagrange space is
a pair Ln = (M,L) , where L is a regular Lagrangian (see [15]).
We know that a geodesic of the Lagrange space Ln is an extremal curve of the action
integral
I (c) =
1∫
0
L
(
x (t) , dx(t)
dt
)
dt.
This is, in fact, a solution of the Euler-Lagrange system of equations:
x˙i = dx
i(t)
dt
, d
dt
(
∂L
∂x˙i
)
− ∂L
∂xi
= 0,
where
(
xi (t) , i ∈ 1,m
)
are the local coordinates of the point c (t) .
This system is equivalent to
d2xi
dt2
+ 2Gi
(
x, dx
dt
)
= 0.
Here Gi, i ∈ 1,m are the components of a semispray that generates a notable non-
linear connection, whose coefficients are given by
N ik =
∂Gi
∂yk
.
The case when L is square of a function on TM, positively, 1-homogeneous with
respect to the velocity yi, provides an important class of Lagrange spaces called Finsler
spaces.
We know the Weinstein’s Problem:
Develop a Lagrangian formalism directly on the given Lie algebroid similar to
Klein’s formalism for ordinary Lagrangian Mechanics (see [8]).
This problem was formulated by A. Weinstein in [23], where the author gave the
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations
using the dual of a Lie algebroid and the Legendre transformation defined by a regu-
lar Lagrangian. In [10], P. Liberman showed that such a formalism is not possible if
one consider the tangent bundle of a Lie algebroid as space for developing the theory.
Using the prolongation of a Lie algebroid over a smooth map, E. Martinez solved the
Weinstein’s Problem in [11] (see also [6, 9]).
A Lagrangian description of Mechanics on Lie algebroids was extensively studied by
many authors. (see [16, 17, 19, 20, 21, 22])
2
The generalized Lie algebroid is a new notion necessary to obtain a new class of
(linear) connections in Ehresmann sense.(see [1]) The notions of IDS and EDS for Lie
algebroids presented in [3] was natural extended to generalized Lie algebroids in [2]. In
particular there are obtained a new point of view over exterior differential calculus for
Lie algebroids.
In this paper we propose to solve the Weinstein’s Problem in the general frame-
work of generalized Lie algebroids.
In the Sections 3, 4, 5 and 6 we set up the basic notions and terminology. In Sec-
tion 7 we introduce the mechanical systems called by use, mechanical (ρ, η)-systems,
Lagrange mechanical (ρ, η)-systems or Finsler mechanical (ρ, η)-systems. In Section
8 we present the canonical (ρ, η)-semispray associated to mechanical (ρ, η)-system
((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h) . If (ρ, η) =
(IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe 6= 0, then we obtain the canonical semispray
associated to a connection Γ presented by I. Bucataru and R. Miron in [5]. Also, we ob-
tain the canonical (ρ, η)-spray associated to mechanical system ((E, π,M) , Fe, (ρ, η) Γ)
and from locally invertible Bv-morphism (g, h).
The Section 9 is dedicated to study the geometry of Lagrange mechanical (ρ, η)-
systems. These mechanical systems are the spaces necessary to solve the Weinstein’s
Problem in the general framewok of generalized Lie algebroids. We determine and
we study the (ρ, η)-semispray associated to a regular Lagrangian L and external force
Fe which are applied on the total space of a generalized Lie algebroid and we derive
the equations of Euler-Lagrange type. In particular, using the Lie algebroid generali-
zed tangent bundle of a Lie algebroid, we obtain a new solution for the Weinstein’s
Problem, different by the Martinez’s solution.
Finally, we obtain that the integral curves of the canonical (ρ, η)-semispray associ-
ated to Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible
Bv-morphism (g, h) are the (g, h)-lifts solutions for the equations of Euler-Lagrange type
(9.10).
Using our theory, we obtain the following
Theorem If F is a Finsler fundamental function, then the geodesics on the manifold
M are the curves such that the components of their (g, h)-lifts are solutions for the
equations of Euler-Lagrange type (9.10) .
As any Lie algebroid can be regarded as a particularly generalized Lie algebroid,
it is natural to propose to extend the study of the Finsler geometry from the usual
Lie algebroid ((TM, τM ,M) , [, ]TM , (IdTM , IdM )) , to an arbitrary (generalized) Lie
algebroid
(
(E, π,M) , [, ]E,h , (ρ, η)
)
.
2 Preliminaries
Let Vect, Liealg, Mod, Man and Bv be the category of real vector spaces, Lie alge-
bras, modules, manifolds and vector bundles respectively.
We know that if (E, π,M) ∈ |Bv| so that M is paracompact and if A ⊆M is closed,
then for any section u over A it exists u˜ ∈ Γ (E, π,M) so that u˜|A = u. In the following,
we consider only vector bundles with paracompact base.
Aditionally, if (E, π,M) ∈ |Bv| , Γ (E, π,M) = {u ∈Man (M,E) : u ◦ π = IdM}
and F (M) = Man (M,R) , then (Γ (E, π,M) ,+, ·) is a F (M)-module. If (ϕ,ϕ0) ∈
3
Bv ((E, π,M) , (E′, π′,M ′)) such that ϕ0 ∈ IsoMan (M,M
′) , then, using the operation
F (M)× Γ (E′, π′,M ′) ·−−−−→ Γ (E′, π′,M ′)
(f, u′) 7−→ f ◦ ϕ−10 · u
′
it results that (Γ (E′, π′,M ′) ,+, ·) is a F (M)-module and we obtain theMod-morphism
Γ (E, π,M)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (E′, π′,M ′)
u 7−→ Γ (ϕ,ϕ0)u
defined by
Γ (ϕ,ϕ0)u (y) = ϕ
(
uϕ−10 (y)
)
,
for any y ∈M ′.
Let M,N ∈ |Man| , h ∈ IsoMan (M,N) and η ∈ IsoMan (N,M).
We know (see [2, 3]) that if (F, ν,N) ∈ |Bv| so that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple
(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then the triple
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is called generalized Lie algebroid.
In particular, if h = IdM = η, then we obtain the definition of the Lie algebroid.
We can discuss about the category GLA of generalized Lie algebroids [2].
Examples of objects of this category are presented in the paper [1] .
Let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
be an object of the category GLA.
• Locally, for any α, β ∈ 1, p, we set [tα, tβ ]F,h = L
γ
αβtγ . We easily obtain that
L
γ
αβ = −L
γ
βα, for any α, β, γ ∈ 1, p.
4
The real local functions Lγαβ, α, β, γ ∈ 1, p will be called the structure functions of
the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
• We assume the following diagrams:
F
ρ
−−−−−→ TM
Th
−−−−−−→ TN
↓ ν ↓ τM ↓ τN
N
η
−−−−−→ M
h
−−−−−→ N
(
χı˜, zα
) (
xi, yi
) (
χı˜, z ı˜
)
where i, ı˜ ∈ 1,m and α ∈ 1, p.
If (
χı˜, zα
)
−→
(
χı˜′
(
χı˜
)
, zα′
(
χı˜, zα
))
,(
xi, yi
)
−→
(
xi´
(
xi
)
, yi´
(
xi, yi
))
and (
χı˜, z ı˜
)
−→
(
χı˜′
(
χı˜
)
, z ı˜′
(
χı˜, z ı˜
))
,
then
zα´ = Λα´αz
α ,
yi´ = ∂x
i´
∂xi
yi
and
z ı˜′ = ∂χ
ı˜′
∂χı˜
z ı˜.
• We assume that (θ, µ)
put
= (Th ◦ ρ, h ◦ η). If zαtα ∈ Γ (F, ν,N) is arbitrary, then
(2.1)
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
=
(
θı˜αz
α ∂f
∂κı˜
)
(h ◦ η (κ)) =
((
ρiα ◦ h
)
(zα ◦ h) ∂f◦h
∂xi
)
(η (κ)) ,
for any f ∈ F (N) and κ ∈ N.
The coefficients ρiα respectively θ
ı˜
α change to ρ
i´
α´ respectively θ
ı˜´
α´ according to the
rule:
(2.2) ρi´α´ = Λ
α
α´ρ
i
α
∂xi´
∂xi
,
respectively
(2.3) θ ı˜´α´ = Λ
α
α´θ
ı˜
α
∂κ ı˜´
∂κ ı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Remark 2.1 The following equalities hold good:
(2.4) ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κ ı˜
)
◦ h,∀f ∈ F (N) .
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and
(2.5)
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
We have the Bv-morphism
(2.6)
π∗ (h∗F ) →֒ F
π∗ (h∗ν) ↓ ↓ ν
M
h◦pi
−−−−−−→ N
Let
(
pi∗(h∗F )
ρ , IdE
)
be the Bv-morphism of (π∗ (h∗F ) , π∗ (h∗ν) , E) source and (TE, τE , E)
target, where
(2.7)
π∗ (h∗F )
pi∗(h∗F )
ρ
−−−−−→ TE
ZαTα (ux) 7−→
(
Zα · ρiα ◦ h ◦ π
) ∂
∂xi
(ux)
Using the operation
Γ (π∗ (h∗F ) , π∗ (h∗ν) , E)2
[,]pi∗(h∗F )
−−−−−−−−−−−→ Γ (π∗ (h∗F ) , π∗ (h∗ν) , E)
defined by
(2.8)
[Tα, Tβ ]pi∗(h∗F ) =
(
L
γ
αβ ◦ h ◦ π
)
Tγ ,
[Tα, fTβ]pi∗(h∗F ) = f
(
L
γ
αβ ◦ h ◦ π
)
Tγ +
(
ρiα ◦ h ◦ π
) ∂f
∂xi
Tβ,
[fTα, Tβ]pi∗(h∗F ) = − [Tβ, fTα]pi∗(h∗F ) ,
for any f ∈ F (E) , it results that(
(π∗ (h∗F ) , π∗ (h∗ν) , E) , [, ]pi∗(h∗F ) ,
(
pi∗(h∗F )
ρ , IdE
))
is a Lie algebroid.
3 Natural and adapted basis
We consider the following diagram:
(3.1)
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, π,M) is a vector bundle and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie
algebroid.
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We take
(
xi, ya
)
as canonical local coordinates on (E, π,M) , where i ∈ 1,m and
a ∈ 1, r. Let (
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
be a change of coordinates on (E, π,M). Then the coordinates ya change to ya´ by the
rule:
(3.2) ya´ = M a´a y
a.
Let
(3.3)
(
∂
∂xi
, ∂
∂ya
)
put
=
(
∂i, ∂˙a
)
be the natural base of the Lie algebroid ((TE, τE , E) , [, ]TE , (IdTE, IdE)) .
For any sections
ZαTα ∈ Γ (π∗ (h∗F ) , π∗ (h∗F ) , E)
and
Y a∂˙a ∈ Γ (V TE, τE , E)
we obtain the section
Zα∂˜α + Y
a
·
∂˜a =: Z
α
(
Tα ⊕
(
ρiα ◦ h ◦ π
)
∂i
)
+ Y a
(
0pi∗(h∗F ) ⊕ ∂˙a
)
= ZαTα ⊕
(
Zα
(
ρiα ◦ h ◦ π
)
∂i + Y
a∂˙a
)
∈ Γ
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
.
Since we have
Zα∂˜α + Y
a
·
∂˜a = 0
m
ZαTα = 0 ∧ Zα
(
ρiα ◦ h ◦ π
)
∂i + Y
a∂˙a = 0,
it implies Zα = 0, α ∈ 1, p and Y a = 0, a ∈ 1, r.
Therefore, the sections ∂˜1, ..., ∂˜p,
·
∂˜1, ...,
·
∂˜r are linearly independent.
We consider the vector subbundle ((ρ, η)TE, (ρ, η) τE, E) of the vector bundle(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
, for which the F (E)-module of sections is the F (E)-submodule
of
(
Γ
(
π∗ (h∗F )⊕ TE,
⊕
π,E
)
,+, ·
)
, generated by the set of sections
(
∂˜α,
·
∂˜a
)
which is
called the natural (ρ, η)-base.
The matrix of coordinate transformation on ((ρ, η)TE, (ρ, η) τE, E) at a change of
fibred charts is
(3.4)
∥∥∥∥∥∥
Λα´α ◦ h ◦ π 0(
ρia ◦ h ◦ π
) ∂M a´b ◦ π
∂xi
yb M a´a ◦ π
∥∥∥∥∥∥ .
We have the following
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Theorem 3.1 Let (ρ˜, IdE) be the B
v-morphism of ((ρ, η)TE, (ρ, η) τE , E) source
and (TE, τE , E) target, where
(3.5)
(ρ, η)TE
ρ˜
−−−→TE(
Zα∂˜α + Y
a
·
∂˜a
)
(ux)7−→
(
Zα
(
ρiα◦h◦π
)
∂i+Y
a∂˙a
)
(ux).
Using the operation
Γ ((ρ, η)TE, (ρ, η) τE, E)
2
[,](ρ,η)TE
−−−−−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
defined by
(3.6)
[(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
,
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)]
(ρ,η)TE
=
[
Zα1 Ta, Z
β
2 Tβ
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ π
)
Zα1 ∂i + Y
a
1 ∂˙a,(
ρ
j
β ◦ h ◦ π
)
Z
β
2 ∂j + Y
b
2 ∂˙b
]
TE
,
for any
(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
and
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)
, we obtain that the couple
(
[, ](ρ,η)TE , (ρ˜, IdE)
)
is a Lie algebroid structure for the vector bundle ((ρ, η)TE, (ρ, η) τE , E) .
The Lie algebroid(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
,
is called the Lie algebroid generalized tangent bundle.
Remark 3.1 The following equalities hold good:
(3.7)
[
∂˜α, ∂˜β
]
(ρ,η)TE
= Lγαβ ◦ h ◦ π · ∂˜γ[
∂˜α, ∂˜b
]
(ρ,η)TE
= 0(ρ,η)TE[
∂˜a, ∂˜b
]
(ρ,η)TE
= 0(ρ,η)TE
We consider the Bv-morphism ((ρ, η) π!, IdE) given by the commutative diagram
(3.8)
(ρ, η)TE
(ρ,η)pi!
//
(ρ,η)τE

π∗ (h∗F )
pr1

E
idE
// E
This is defined as:
(3.9) (ρ, η) π!
((
Zα∂˜α + Y
a
·
∂˜a
)
(ux)
)
= (ZαTα) (ux) ,
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for any
(
Zα∂˜α + Y
a
·
∂˜a
)
∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Using the Bv-morphisms (2.6) and (3.7) we obtain the tangent (ρ, η)-application
((ρ, η)Tπ, h ◦ π) of ((ρ, η)TE, (ρ, η) τE , E) source and (F, ν,N) target.
Definition 3.1 The kernel of the tangent (ρ, η)-application is written
(V (ρ, η)TE, (ρ, η) τE, E)
and it is called the vertical subbundle.
We remark that the set
{ ·
∂˜a, a ∈ 1, r
}
is a base of the F (E)-module
(Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Proposition 3.1 The short sequence of vector bundles
(3.10)
0

 i
//

V (ρ, η)TE


 i
// (ρ, η)TE
(ρ,η)pi!
//

π∗ (h∗F ) //

0

E
IdE
// E
IdE
// E
IdE
// E
IdE
// E
is exact.
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle(E, π,M) , i. e. a Man-
morphism (ρ, η) Γ of (ρ, η)TE source and V (ρ, η)TE target defined by
(3.11) (ρ, η) Γ
(
Zα∂˜α + Y
a
·
∂˜a
)
(ux) = (Y
a + (ρ, η) ΓaαZ
α)
·
∂˜a (ux) ,
so that the Bv-morphism ((ρ, η) Γ, IdE) is a split to the left in the previous exact
sequence. Its components satisfy the law of transformation
(3.12) (ρ, η) Γa´γ´=M
a´
a ◦π
[
ρiγ◦ (h◦π)
∂Ma
b´
◦pi
∂xi
yb´+(ρ, η)Γaγ
]
Λγγ´◦ (h◦π) .
The kernel of the Bv-morphism ((ρ, η) Γ, IdE) is written (H (ρ, η)TE, (ρ, η) τE, E)
and is called the horizontal vector subbundle.
We remark that the horizontal and the vertical vector subbundles are interior dif-
ferential systems of the Lie algebroid generalized tangent bundle. (see [4])
We put the problem of finding a base for the F (E)-module
(Γ (H (ρ, η)TE, (ρ, η) τE, E) ,+, ·)
of the type
δ˜α = Z
β
α ∂˜α + Y
a
α
·
∂˜a, α ∈ 1, r
which satisfies the following conditions:
(3.13)
Γ ((ρ, η)π!, IdE)
(
δ˜α
)
= Tα,
Γ ((ρ, η) Γ, IdE)
(
δ˜α
)
= 0.
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Then we obtain the sections
(3.14) δ
δz˜α
= ∂˜α − (ρ, η) Γaα
·
∂˜a = Tα ⊕
((
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γaα∂˙a
)
.
such that their law of change is a tensorial law under a change of vector fiber charts.
The base
(
δ˜α,
·
∂˜a
)
will be called the adapted (ρ, η)-base.
Remark 3.2 The following equality holds good
(3.15) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ π
)
∂i − (ρ, η) Γaα∂˙a.
Moreover, if (ρ, η) Γ is the (ρ, η)-connection associated to a connection Γ (see [1]),
then we obtain
(3.16) Γ (ρ˜, IdE)
(
δ˜α
)
=
(
ρiα ◦ h ◦ π
)
δi,
where
(
δi, ∂˙a
)
is the adapted base for the F (E)-module (Γ (TE, τE , E) ,+, ·) .
Theorem 3.2 The following equality holds good
(3.17)
[
δ˜α, δ˜β
]
(ρ,η)TE
= Lγαβ ◦ (h ◦ π) δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
where
(3.18)
(ρ, η, h)Raαβ = Γ (ρ˜, IdE)
(
δ˜β
)
((ρ, η) Γaα)
−Γ (ρ˜, IdE)
(
δ˜α
)(
(ρ, η) Γaβ
)
+
(
L
γ
αβ ◦ h ◦ π
)
(ρ, η) Γaγ ,
Moreover, we have:
(3.19)
[
δ˜α,
·
∂˜b
]
(ρ,η)TE
= Γ (ρ˜, IdE)
( ·
∂˜b
)
((ρ, η) Γaα)
·
∂˜a,
and
(3.20) Γ (ρ˜, IdE)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
[
Γ (ρ˜, IdE)
(
δ˜α
)
,Γ (ρ˜, IdE)
(
δ˜β
)]
TE
.
Let
(
dz˜α, dy˜b
)
be the natural dual (ρ, η)-base of natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
.
This is determined by the equations

〈
dz˜α, ∂˜β
〉
= δαβ ,
〈
dz˜α,
·
∂˜a
〉
= 0,
〈
dy˜a, ∂˜β
〉
= 0,
〈
dy˜a,
·
∂˜b
〉
= δab .
We consider the problem of finding a base for the F (E)-module
(Γ ((V (ρ, η)TE)∗ , ((ρ, η) τE)
∗ , E) ,+, ·)
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of the type
δy˜a = θaαdz˜
α + ωabdy˜
b, a ∈ 1, n
which satisfies the following conditions:
(3.21)
〈
δy˜a,
·
∂˜a
〉
= 1 ∧
〈
δy˜a, δ˜α
〉
= 0.
We obtain the sections
(3.22) δy˜a = (ρ, η) Γaαdz˜
α + dy˜a, a ∈ 1, n.
such that their changing rule is tensorial under a change of vector fiber charts. The
base (dz˜α, δy˜a) will be called the adapted dual (ρ, η)-base.
4 The lift of a differentiable curve
We consider the following diagram:
(4.1)
E
pi

(F, [, ]F,h, (ρ, η))
ν

M
h
// N
where (E, π,M) ∈ |Bv| and
(
(F, ν,M) , [, ]F,h , (ρ, η)
)
∈ |GLA| .
We admit that (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M) and
I
c
−→ M is a differentiable curve. We know that
(
E| Im(η◦h◦c), π| Im(η◦h◦c), Im (η ◦ h ◦ c)
)
is a vector subbundle of the vector bundle (E, π,M) .
Definition 4.1 If
(4.2)
I
c˙
−−−→ E| Im(η◦h◦c)
t 7−→ ya (t) sa (η ◦ h ◦ c (t))
is a differentiable curve such that there exists g ∈Man (E,F ) such that the following
conditions are satisfied:
1. (g, h) ∈ Bv ((E, π,M) , (F, ν,N)) and
2. ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , for any t ∈ I,
then we will say that c˙ is the (g, h)-lift of the differentiable curve c.
Remark 4.1 The condition 2 is equivalent with the following affirmation:
(4.3) ρiα (η ◦ h ◦ c (t)) · g
α
a (h ◦ c (t)) · y
a (t) = d(η◦h◦c)
i(t)
dt
, i ∈ 1,m.
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Definition 4.2 If I
c˙
−→ E| Im(η◦h◦c) is a differentiable (g, h)-lift of the differen-
tiable curve c, then the section
(4.4)
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E| Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t)
will be called the canonical section associated to the couple (c, c˙) .
Definition 4.3 If (g, h) ∈ Bv ((E, π,M) , (F, ν,N)) has the components
gαa ; a ∈ 1, r, α ∈ 1, p
such that for any vector local (n+ p)-chart (V, tV ) of (F, ν,N) there exists the real
functions
V
g˜aα
−−−−−−→ R ; a ∈ 1, r, α ∈ 1, p
such that
(4.5) g˜bα (κ) · g
α
a (κ) = δ
b
a,
for any κ ∈ V, then we will say that the Bv-morphism (g, h) is locally invertible.
Remark 4.2 In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the B
v morphism
(g, IdM ) is locally invertible, then we have the differentiable (g, IdM )-lift
(4.6)
I
c˙
−−−→ TM
t 7−→ g˜ij (c (t))
dcj (t)
dt
∂
∂xi
(c (t))
.
Moreover, if g = IdTM , then we obtain the usual lift of tangent vectors
(4.7)
I
c˙
−−−→ TM
t 7−→
dci (t)
dt
∂
∂xi
(c (t))
.
Definition 4.4 If I
c˙
−−−→ E| Im(η◦h◦c) is a differentiable (g, h)-lift of differentiable
curve c, such that its components functions
(
ya, a ∈ 1, n
)
are solutions for the differen-
tiable system of equations:
(4.8) du
a
dt
+ (ρ, η) Γaα ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
α
b ◦ h ◦ c · u
b = 0,
then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-connection
(ρ, η) Γ.
Remark 4.3 In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the B
v morphism
(g, IdM ) is locally invertible, then the differentiable (g, IdTM )-lift
(4.9)
I
c˙
−−−→ TM
t 7−→
(
g˜ij ◦ c ·
dcj
dt
)
∂
∂xi
(c (t)) ,
is parallel with respect to the connection Γ if the component functions(
g˜ij ◦ c ·
dcj
dt
, i ∈ 1, n
)
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are solutions for the differentiable system of equations
(4.10) du
i
dt
+ Γik ◦ u (c, c˙) ◦ c · g
k
h ◦ c · u
h = 0,
namely
(4.10)′
d
dt
(
g˜ij (c (t)) ·
dcj (t)
dt
)
+Γik
((
g˜ij (c (t)) ·
dcj (t)
dt
)
·
∂
∂xi
(c (t))
)
·
dck (t)
dt
= 0.
Moreover, if g = IdTM , then the usual lift of tangent vectors (4.6)
′ is parallel with
respect to the connection Γ if the component functions
(
dcj
dt
, j ∈ 1, n
)
are solutions for
the differentiable system of equations
(4.11) du
i
dt
+ Γik ◦ u (c, c˙) ◦ c · u
k = 0,
namely
(4.11)′ d
dt
(
dcj(t)
dt
)
+ Γik
(
dcj(t)
dt
· ∂
∂xi
(c (t))
)
· dc
k(t)
dt
= 0.
5 Remarkable Mod-endomorphisms
In the following we consider the diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, π,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 5.1 For any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η) τE , E) we de-
fine the application of Nijenhuis type
Γ((ρ,η)TE,(ρ, η)τE , E)
2 Ne
−−−−−−→ Γ((ρ, η)TE,(ρ, η)τE ,E)
defined by
Ne (X,Y ) = [eX, eY ]ρTE + e
2 [X,Y ]ρTE − e [eX, Y ]ρTE − e [X, eY ]ρTE ,
for any X,Y ∈ Γ((ρ, η)TE,(ρ, η)τE,E).
5.1 Projectors
Definition 5.1.1 Any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η )τE , E) with the
property
(5.1.1) e2 = e
13
will be called projector.
Example 5.1.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
V
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Y a
·
∂˜a
is a projector which will be called the vertical projector.
Remark 5.1.1 We have V
(
δ˜α
)
= 0 and V
( ·
∂˜a
)
=
·
∂˜a. Therefore, it follows
V
(
∂˜α
)
= (ρ, η) Γaα
·
∂˜a.
In addition, we obtain the equality
(5.1.2) Γ ((ρ, η) Γ, IdE)
(
Zα∂˜α + Y
a
·
∂˜a
)
= V
(
Zα∂˜α + Y
a
·
∂˜a
)
,
for any Zα∂˜α + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Theorem 5.1.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism V of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.3)
V (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (V (ρ, η)TE, (ρ, η) τE , E)
V (X) = X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E)
Example 5.1.2 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
H
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Zαδ˜α
is a projector which will be called the horizontal projector.
Remark 5.1.2 We haveH
(
δ˜α
)
=δ˜α andH
( ·
∂˜a
)
=0. Therefore, we obtainH
(
∂˜α
)
=δ˜α.
Theorem 5.1.2 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.4)
H (Γ ((ρ, η)TE, (ρ, η) τE, E)) ⊂ Γ (H (ρ, η)TE, (ρ, η) τE , E)
H (X) = X ⇐⇒ X ∈ Γ (H (ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.1.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E) with the
properties:
(5.1.5)
H2 = H
Ker (H) = (Γ (V (ρ, η)TE, (ρ, η) τE, E) ,+, ·) .
Remark 5.1.3 For any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) we obtain the unique decom-
position
X = HX + VX.
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Proposition 5.1.1 After some calculations we obtain
(5.1.6) NV (X,Y ) = V [HX,HY ](ρ,η)TE = NH (X,Y ) ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.1.2 The horizontal interior differential system
(H (ρ, η)TE, (ρ, η) τE, E)
is involutive if and only if NV = 0 or NH = 0.
5.2 The almost product structure
Definition 5.2.1 Any Mod-endomorphism e of Γ ((ρ, η)TE, (ρ, η )τE , E) with the
property
(5.2.1) e2 = Id
will be called the almost product structure.
Example 5.2.1 The Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Zαδ˜α + Y
a
·
∂˜a 7−→ Zαδ˜α − Y a
·
∂˜a
is an almost product structure.
Remark 5.2.1 The previous almost product structure has the properties:
(5.2.2)
P = (2H − Id) ;
P = (Id− 2V) ;
P = (H− V) .
Remark 5.2.2 We obtain that P
(
δ˜α
)
= δ˜α and P
( ·
∂˜a
)
= −
·
∂˜a. Therefore, it
follows
P
(
∂˜α
)
= δ˜α − ρΓ
a
α
·
∂˜a.
Theorem 5.2.1 A (ρ, η)-connection for the vector bundle (E, π,M) is character-
ized by the existence of a Mod-endomorphism P of Γ ((ρ, η)TE, (ρ, η) τE, E) with the
following property:
(5.2.3) P (X) = −X ⇐⇒ X ∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) .
Proposition 5.2.1 After some calculations, we obtain
NP (X,Y ) = 4V [HX,HY ] ,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Corollary 5.2.1 The horizontal interior differential system (H (ρ, η)TE, (ρ, η) τE , E)
is involutive if and only if NP = 0.
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5.3 The almost tangent structure
Definition 5.3.1 AnyMod-endomorphism e of (Γ((ρ, η)TE, (ρ, η)τE, E) with the prop-
erty
(5.3.1) e2 = 0
will be called the almost tangent structure.
Example 5.3.1 If (E, π,M) = (F, ν,N), g ∈ Man (E,E) such that (g, h) is a
locally invertible Bv-morphism, then the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Zaδ˜a + Y
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ π
)
Za
·
∂˜b
is an almost tangent structure which will be called the almost tangent structure associ-
ated to the Bv-morphism (g, h). (See: Definition 4.3)
Remark 5.3.1 We obtain that
J(g,h)
(
δ˜a
)
= J(g,h)
(
∂˜a
)
=
(
g˜ba ◦ h ◦ π
) ·
∂˜b and J(g,h)
( ·
∂˜b
)
= 0.
and we have the following properties:
(5.3.2)
J(g,h) ◦ P = J(g,h);
P ◦ J(g,h) = −J(g,h);
J(g,h) ◦ H = J(g,h);
H ◦ J(g,h) = 0;
J(g,h) ◦ V = 0;
V ◦ J(g,h) = J(g,h);
NJ(g,h) = 0.
6 Tensor d-fields. Distinguished linear (ρ, η)-connections
We consider the following diagram:
E
pi

(
F, [, ]F,h , (ρ, η)
)
ν

M
h
// N
where (E, π,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid.
Let (
T p,rq,s ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
be the F (E)-module of tensor fields by (p,rq,s)-type from the generalized tangent bundle
(H (ρ, η)TE, (ρ, η) τE , E)⊕ (V (ρ, η)TE, (ρ, η) τE, E) .
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An arbitrarily tensor field T is written as
T = T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs .
Let
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗)
be the tensor fields algebra of generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
If T1 ∈ T
p1,r1
q1,s1 ((ρ, η)TE, (ρ, η)τE, E) and T2∈T
p2,r2
q2,s2 ((ρ, η)TE, (ρ, η)τE , E), then the
components of product tensor field T1 ⊗ T2 are the products of local components of T1
and T2.
Therefore, we obtain T1 ⊗ T2 ∈ T
p1+p2,r1+r2
q1+q2,s1+s2 ((ρ, η)TE, (ρ, η) τE, E) .
Let DT ((ρ, η)TE, (ρ, η)τE, E) be the family of tensor fields
T ∈ T ((ρ, η)TE, (ρ, η)τE , E)
for which there exists
T1 ∈ T
p,0
q,0 ((ρ, η)TE, (ρ, η)τE , E) and T2 ∈ T
0,r
0,s ((ρ, η)TE, (ρ, η)τE , E)
such that T = T1 + T2.
The F (E)-module (DT ((ρ, η)TE, (ρ, η) τE , E) ,+, ·) will be called the module of
distinguished tensor fields or the module of tensor d-fields.
Remark 5.1 The elements of
Γ ((ρ, η)TE, (ρ, η) τE, E)
respectively
Γ(((ρ, η)TE)∗, ((ρ, η)τE)
∗, E)
are tensor d-fields.
Definition 6.1 Let (E, π,M) be a vector bundle endowed with a (ρ, η)-connection
(ρ, η) Γ and let
(6.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of the generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
The real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined by the following equalities:
(6.2)
(ρ, η)Dδ˜γ δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βcδ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
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are the components of a linear (ρ, η)-connection
((ρ, η)H, (ρ, η)V )
for the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which will be called the dis-
tinguished linear (ρ, η)-connection.
If h = IdM , then the distinguished linear (IdTM , IdM )-connection will be called the
distinguished linear connection.
The components of a distinguished linear connection (H,V ) will be denoted(
H ijk,H
a
bk, V
i
jc, V
a
bc
)
.
Theorem 6.1 If ((ρ, η)H, (ρ, η)V ) is a distinguished linear (ρ, η)-connection for
the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E), then its components satisfy the
change relations:
(6.3)
(ρ, η)H α´β´γ´ = Λ
α´
α ◦ h ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)(
Λαβ´ ◦ h ◦ π
)
+
+ (ρ, η)Hαβγ · Λ
β
β´ ◦ h ◦ π
]
· Λγγ´ ◦ h ◦ π,
(ρ, η)H a´b´γ´ = M
a´
a ◦ π ·
[
Γ (ρ˜, IdE)
(
δ˜γ
)
(Mab´ ◦ π)+
+ (ρ, η)Habγ ·M
b
b´ ◦ π
]
· Λγγ´ ◦ h ◦ π,
(ρ, η)V α´β´c´ = Λ
α
α´ ◦ h ◦ π · (ρ, η)V
α
βc · Λ
β
β´ ◦ h ◦ π ·M
c
c´ ◦ π,
(ρ, η)V a´b´c´ = M
a´
a ◦ π · (ρ, η)V
a
bc ·M
b
b´ ◦ π ·M
c
c´ ◦ π.
The components of a distinguished linear connection (H,V ) verify the change rela-
tions:
(6.3)′
H i´j´k´ =
∂xi´
∂xi
◦ π ·
[
δ
δxk
(
∂xi
∂xj´
◦ π
)
+H ijk ·
∂xj
∂xj´
◦ π
]
·
∂xk
∂xk´
◦ π,
H a´b´k´ = M
a´
a ◦ π ·
[
δ
δxk
(Mab´ ◦ π) +H
a
bk ·M
b
b´ ◦ π
]
·
∂xk
∂xk´
◦ π,
V i´j´ c´ =
∂xi´
∂xi
◦ π · V ijc
∂xj
∂xj´
◦ π ·M cc´ ◦ π,
V a´b´c´ = M
a´
a ◦ π · V
a
bc ·M
b
b´ ◦ π ·M
c
c´ ◦ π.
Example 6.1 If (E, π,M) is a vector bundle endowed with the (ρ, η)-connection
(ρ, η) Γ, then the local real functions
(6.4)
(
∂(ρ,η)Γaγ
∂yb
,
∂(ρ,η)Γaγ
∂yb
, 0, 0
)
are the components of a distinguished linear (ρ, η)-connection for ((ρ, η)TE, (ρ, η) τE , E) ,
which will by called the Berwald linear (ρ, η)-connection.
The Berwald linear (IdTM , IdM )-connection will be called the Berwald linear con-
nection.
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Theorem 6.2 If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τE ,E) is endowed with
a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then, for any
X = Z˜αδ˜α + Y
a
·
∂˜a ∈ Γ((ρ, η)TE,(ρ,η)τE ,E)
and for any
T ∈ T prqs ((ρ, η)TE,(ρ, η)τE ,E),
we obtain the formula:
(ρ, η)DX
(
T
α1...αpa1...ar
β1...βqb1...bs
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗
⊗dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs
)
=
= Z˜γT
α1...αpa1...ar
β1...βqb1...bs|γ
δ˜α1 ⊗ ...⊗ δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs + Y cT
α1...αpa1...ar
β1...βqb1...bs
|c δ˜α1 ⊗ ...⊗
⊗δ˜αp ⊗ dz˜
β1 ⊗ ...⊗ dz˜βq ⊗
·
∂˜a1 ⊗ ...⊗
·
∂˜ar ⊗ δy˜
b1 ⊗ ...⊗ δy˜bs ,
where
T
α1...αpa1...ar
β1...βqb1...bs|γ
= Γ (ρ˜, IdE)
(
δ˜γ
)
T
α1...αpa1...ar
β1...βqb1...bs
+(ρ, η)Hα1αγT
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)H
αp
αγT
α1...αp−1αa1...ar
β1...βqb1...bs
− (ρ, η)Hββ1γT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)HββqγT
α1...αpa1...ar
β1...βq−1βb1...bs
+(ρ, η)Ha1aγT
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)HaraγT
α1...αpa1...ar−1a
β1...βqb1...bs
− (ρ, η)Hbb1γT
α1...αpa1...ar
β1...βqbb2...bs
− ...− (ρ, η)HbbsγT
α1...αpa1...ar
β1...βqb1...bs−1b
and
T
α1...αpa1...ar
β1...βqb1...bs
|c= Γ (ρ˜, IdE)
( ·
∂˜c
)
T
α1...αpa1...ar
β1...βqb1...bs
+
+(ρ, η)V α1αc T
αα2...αpa1...ar
β1...βqb1...bs
+ ...+ (ρ, η)V
αp
αc T
α1...αp−1αa1...ar
β1...βqb1...bs
−
− (ρ, η)V ββ1cT
α1...αpa1...ar
ββ2...βqb1...bs
− ...− (ρ, η)V ββqcT
α1...αpa1...ar
β1...βq−1βb1...bs
+
+(ρ, η)V a1ac T
α1...αpaa2...ar
β1...βqb1...bs
+ ...+ (ρ, η)V arac T
α1...αpa1...ar−1a
β1...βqb1...bs
−
− (ρ, η)V bb1cT
α1...αpa1...ar
β1...βqbb2...bs−
...− (ρ, η)V bbscT
α1...αpa1...ar
β1...βqb1...bs−1b
.
Definition 6.2 We assume that (E, π,M) = (F, ν,N) .
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M) and(
(ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc
)
are the components of a distinguished linear (ρ, η)-connection for the generalized tangent
bundle ((ρ, η)TE, (ρ, η) τE, E) such that
(ρ, η)Habc = (ρ, η) H˜
a
bc and (ρ, η)V
a
bc = (ρ, η) V˜
a
bc,
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then we will say that the generalized tangent bundle ((ρ,η)TE, (ρ,η)τE ,E) is endowed
with a normal distinguished linear (ρ, η)-connection on components ((ρ, η)Habc, (ρ, η)V
a
bc).
The components of a normal distinguished linear (IdTM , IdM )-connection (H,V )
will be denoted
(
H ijk, V
i
jk
)
.
7 Mechanical systems
We consider the following diagram:
(7.1)
E
pi

(
E, [, ]E,h , (ρ, η)
)
pi

M
h
//M
where
(
(E, π,M) , [, ]E,h , (ρ, η)
)
is a generalized Lie algebroid.
Definition 7.1 A triple
(7.2) ((E, π,M) , Fe, (ρ, η) Γ) ,
where
(7.3) Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE , E)
is an external force and (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M),
will be called mechanical (ρ, η)-system.
Definition 7.2 A smooth Lagrange fundamental function on the vector bundle
(E, π,M) is a mapping E
L
−−−→ R which satisfies the following conditions:
1. L ◦ u ∈ C∞ (M), for any u ∈ Γ (E, π,M) \ {0};
2. L ◦ 0 ∈ C0 (M), where 0 means the null section of (E, π,M) .
Let L be a Lagrangian defined on the total space of the vector bundle (E, π,M) .
If (U, sU ) is a local vector (m+ r)-chart for (E, π,M), then we obtain the following
real functions defined on π−1 (U):
(7.4)
Li
put
=
∂L
∂xi
put
=
∂
∂xi
(L) Lib
put
=
∂2L
∂xi∂yb
put
=
∂
∂xi
(
∂
∂yb
(L)
)
La
put
=
∂L
∂ya
put
=
∂
∂ya
(L) Lab
put
=
∂2L
∂ya∂yb
put
=
∂
∂ya
(
∂
∂yb
(L)
)
.
Definition 7.3 If for any vector local m+ r-chart (U, sU ) of (E, π,M) , we have:
(7.5) rank ‖Lab (ux)‖ = r,
for any ux ∈ π−1 (U) \ {0x}, then we will say that the Lagrangian L is regular.
Proposition 7.1 If the Lagrangian L is regular, then for any vector local m+r-chart
(U, sU ) of (E, π,M) , we obtain the real functions L˜
ab locally defined by
(7.6) π
−1 (U)
L˜ab
−−−−−→ R
ux 7−→ L˜ab (ux)
,
20
where
∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1, for any ux ∈ π−1 (U) \ {0x} .
Definition 7.4 A smooth Finsler fundamental function on the vector bundle (E, π,M)
is a mapping E
F
−−→ R+ which satisfies the following conditions:
1. F ◦ u ∈ C∞ (M), for any u ∈ Γ (E, π,M) \ {0};
2. F ◦ 0 ∈ C0 (M), where 0 means the null section of (E, π,M);
3. F is positively 1-homogenous on the fibres of vector bundle (E, π,M) ;
4. For any vector local m+ r-chart (U, sU ) of (E, π,M) , the hessian:
(7.7)
∥∥F 2ab (ux)∥∥
is positively define for any ux ∈ π−1 (U) \ {0x}.
Definition 7.5 If L (respectively F ) is a smooth Lagrange (respectively Finsler
function), then the triple
((E, π,M) , Fe, L) ( respectively ((E, π,M) , Fe, F ))
where Fe = F
a ∂
∂y˜a
∈ Γ (V (ρ, η)TE, (ρ, η) τE, E) is an external force, is called Lagrange
mechanical (ρ, η)-system and Finsler mechanical (ρ, η)-system, respectively.
Any Lagrange mechanical (IdTM , IdM )-system and any Finsler mechanical
(IdTM , IdM )-system will be called Lagrange mechanical system and Finsler mechanical
system, respectively.
8 (ρ, η)-semisprays and (ρ, η)-sprays for mechanical (ρ, η)-
systems
Let ((E, π,M) , Fe, (ρ, η)Γ) be an arbitrary mechanical (ρ, η)-system.
Definition 8.1 The vertical section C=ya
·
∂˜awill be called the Liouville section.
A section S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) will be called (ρ, η)-semispray if there exists
an almost tangent structure e such that e (S) = C.
Let g ∈ Man (E,E) be such that (g, h) is a locally invertible Bv-morphism of
(E, π,M) source and target.
Theorem 8.1 The section
(8.1) S = (gab ◦ h ◦ π) y
b∂˜a − 2
(
Ga − 14F
a
) ·
∂˜a
is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, n, satisfy the following
conditions
(8.2)
(ρ, η) Γac =
(
g˜bc ◦ h ◦ π
) ∂(Ga− 14F a)
∂yb
−12
(
gde ◦ h ◦ π
)
yeL
f
dc
(
g˜af ◦ h ◦ π
)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
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In addition, we remark that the local real functions
(8.3)
(ρ, η) Γ˚ac =
(
g˜bc ◦ h ◦ π
)
∂Ga
∂yb
−12
(
gde ◦ h ◦ π
)
yeLbdc (g˜
a
b ◦ h ◦ π)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
are the components of a (ρ, η)-connection (ρ, η) Γ˚ for the vector bundle (E, π,M) .
The (ρ, η)-semispray S will be called the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism
(g, h) .
Proof. We consider the Mod-endomorphism
Γ ((ρ, η)TE, (ρ, η) τE, E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
X 7−→ J(g,h) [S,X](ρ,η)TE −
[
S,J(g,h)X
]
(ρ,η)TE
.
Let X = Za∂˜a + Y
a
·
∂˜a be an arbitrary section. Since
[S,X](ρ,η)TE =
[
(gae ◦ h ◦ π · y
e) ∂˜a, Z
b∂˜b
]
(ρ,η)TE
+
[
(gae ◦ h ◦ π · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b∂˜b
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
and [
(gae ◦ h ◦ π · y
e) ∂˜a, Z
b∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zc
∂xi
∂˜c
−Zb
(
ρ
j
b ◦ h ◦ π
) ∂ (gce ◦ h ◦ π)
∂xj
ye∂˜c
+(gae ◦ h ◦ π) y
eZbLcab∂˜c,[
(gae ◦ h ◦ π · y
e) ∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Y c
∂xi
·
∂˜c
−Y bgcb ∂˜c,[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b∂˜b
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Zc
∂ya
∂˜c
−2Zbρjb ◦ h ◦ π
∂
(
Gc − 14F
c
)
∂xj
·
∂˜c,
[
2
(
Ga − 14F
a
) ·
∂˜a, Y
b
·
∂˜b
]
(ρ,η)TE
= 2
(
Ga − 14F
a
)
∂Y c
∂ya
·
∂˜c − 2Y b
∂
(
Gc −
1
4
F c
)
∂yb
·
∂˜c,
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it results that
(P1)
J(g,h) [S,X](ρ,η)TE = (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zc
∂xi
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−Zb
(
ρ
j
b ◦ h ◦ π
) ∂ (gce ◦ h ◦ π)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+(gae ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d − Y
d
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Zc
∂ya
(
g˜dc ◦ h ◦ π
) ·
∂˜d.
Since
[
S,J(g,h)X
]
(ρ,η)TE
=
[
(gae ◦ h ◦ π) y
e∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
−
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
and[
(gae ◦ h ◦ π) y
e∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
= −Zd∂˜d + (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zb
∂xi
(
g˜db ◦ h ◦ π
) ·
∂˜d
− (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂
(
g˜db ◦ h ◦ π
)
∂xi
·
∂˜d,
[
2
(
Ga −
1
4
F a
) ·
∂˜a, Z
b (g˜cb ◦ h ◦ π)
·
∂˜c
]
(ρ,η)TE
= 2
(
Ga −
1
4
F a
)
∂Zb
∂ya
(
g˜db ◦ h ◦ π
) ·
∂˜d
−Zb (g˜cb ◦ h ◦ π)
∂2
(
Gd − 14F
d
)
∂yc
·
∂˜d
it results that
(P2)
[
S,J(g,h)X
]
(ρ,η)TE
= −Zd∂˜d + (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
) ∂Zb
∂xi
(
g˜db ◦ h ◦ π
) ·
∂˜d
− (gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂
(
g˜db ◦ h ◦ π
)
∂xi
·
∂˜d
−2
(
Ga −
1
4
F a
)
∂Zb
∂ya
(
g˜db ◦ h ◦ π
) ·
∂˜d
+Zb (g˜cb ◦ h ◦ π)
∂2
(
Gd − 14F
d
)
∂yc
·
∂˜d.
Using equalities (P1) and (P2), we obtain:
P
(
Za∂˜a + Y
a
·
∂˜a
)
= Za∂˜a − Y d
·
∂˜d + (g
a
e ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−Zb
(
ρ
j
b ◦ h ◦ π
)
∂(gce◦h◦pi)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+(gae ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂(g˜db ◦h◦pi)
∂xi
·
∂˜d
−Zb (g˜cb ◦ h ◦ π)
∂2(Gd− 14F
d)
∂yc
·
∂˜d
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After some calculations, it results that P is an almost product structure.
Using the equalities (5.1.2) and (5.2.2) it results that
P
(
Za∂˜a + Y
a
·
∂˜a
)
= (Id− 2 (ρ, η) Γ)
(
Za∂˜a + Y
a
·
∂˜a
)
,
for any Za∂˜a + Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) and we obtain
(ρ, η) Γ
(
Za∂˜a + Y
a
·
∂˜a
)
= Y d
·
∂˜d −
1
2 (g
a
e ◦ h ◦ π) y
eZbLcab
(
g˜dc ◦ h ◦ π
) ·
∂˜d
+12Z
b
(
ρ
j
b ◦ h ◦ π
)
∂(gce◦h◦pi)
∂xj
ye
(
g˜dc ◦ h ◦ π
) ·
∂˜d
−12 (g
a
e ◦ h ◦ π) y
e
(
ρia ◦ h ◦ π
)
Zb
∂(g˜db ◦h◦pi)
∂xi
·
∂˜d
+Zb (g˜cb ◦ h ◦ π)
∂(Gd− 14F
d)
∂yc
·
∂˜d.
Since
(ρ, η) Γ
(
Za∂˜a + Y
a
·
∂˜a
)
=
(
Y d + (ρ, η) ΓdbZ
b
) ·
∂˜d
it results the relations (8.3). In addition, since
(ρ, η) Γ˚ac = (ρ, η) Γ
a
c +
1
4
g˜dc ◦ h ◦ π
∂F a
∂yd
and
(ρ, η) Γ˚a´c´ = (ρ, η) Γ
a´
c´ +
1
2
g˜b´c´ ◦ h ◦ π
∂F a´
∂yb´
= M a´a ◦ π
(
ρic ◦ h ◦ π ·
∂Mab´
∂xi
yb´ + (ρ, η) Γac
)
M cc´ ◦ h ◦ π
+M a´a ◦ π
(
1
4
g˜bc ◦ h ◦ π ·
∂F a
∂yb
)
M cc´ ◦ h ◦ π
= M a´a ◦π
(
ρic◦h◦π ·
∂Mab´
∂xi
yb´ +
(
(ρ, η) Γac +
1
4
g˜bc◦h◦π ·
∂F a
∂yb
))
M cc´ ◦h◦π
= M a´a ◦π
(
ρic◦h◦π ·
∂Mab´
∂xi
yb´ + (ρ, η) Γ˚ac
)
M cc´ ◦h◦π
it results the conclusion of the theorem. q.e.d.
Remark 8.1 If (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe 6= 0, then we ob-
tain the canonical semispray associated to connection Γ which is not the same canonical
semispray presented by I. Bucataru and R. Miron in [5].
In particular, if (ρ, η) = (IdTM , IdM ), (g, h) = (IdE , IdM ), and Fe = 0, then we
obtain the classical canonical semispray associated to connection Γ.
Using Theorem 8.1, we obtain the following:
Theorem 8.2 The following properties hold good:
1◦ Since
◦
δ˜c = ∂˜c − (ρ, η) Γ˚ac
·
∂˜a, c ∈ 1, r, it results that
(8.4)
◦
δ˜c = δ˜c −
1
4 g˜
b
c ◦ h ◦ π ·
∂F a
∂yb
·
∂˜a, c ∈ 1, r.
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2◦ Since δ˚y˜a = (ρ, η) Γ˚acdz˜
c + dy˜a, it results that
(8.5) δ˚y˜a = δy˜a + 14 g˜
b
c ◦ h ◦ π
∂F a
∂yb
dz˜c, a ∈ 1, r.
Theorem 8.3 The real local functions
(8.6)
(
∂(ρ,η)Γac
∂yb
,
∂(ρ,η)Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
and
(8.6)′
(
∂(ρ,η)˚Γac
∂yb
,
∂(ρ,η)˚Γac
∂yb
, 0, 0
)
, a, b, c ∈ 1, r,
respectively, are the coefficients to a normal Berwald linear (ρ, η)-connection for the
generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E).
Theorem 8.4 The tensor of integrability of the (ρ, η)-connection (ρ, η) Γ˚ is as fol-
lows:
(8.7)
(ρ, η, h) R˚acd = (ρ, η, h)R
a
cd +
1
4
(
g˜ed ◦ h ◦ π
∂F a
∂ye |c
− g˜ec ◦ h ◦ π
∂F a
∂ye |d
)
+
1
16
(
g˜ed ◦ h ◦ π
∂F b
∂ye
g˜fc ◦ h ◦ π
∂2F a
∂yb∂yf
− g˜fc ◦ h ◦ π
∂F b
∂yf
g˜ed ◦ h ◦ π
∂2F a
∂yb∂ye
)
+
1
4
(
L
f
cd ◦ h ◦ π
) (
g˜ef ◦ h ◦ π
) ∂F a
∂ye
,
where |c is the h-covariant derivation with respect to the normal Berwald linear (ρ, η)-
connection (8.6).
Proof. Since
(ρ, η, h) R˚acd = Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
− Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
+Lecd ◦ h ◦ (h ◦ π) (ρ, η) Γ˚
a
e ,
and
Γ (ρ˜, IdE)
(◦
δ˜c
)(
(ρ, η) Γ˚ad
)
= Γ (ρ˜, IdE)
(
δ˜c
)
((ρ, η) Γad)
+
1
4
Γ (ρ˜, IdE)
(
δ˜c
)(
g˜ed ◦ h ◦ π
∂F a
∂ye
)
−
1
4
g˜ec ◦ h ◦ π
∂F f
∂ye
∂
∂yf
((ρ, η) Γad)
−
1
16
g˜ec ◦ h ◦ π
∂F f
∂ye
∂
∂yf
(
g˜ed ◦ h ◦ π
∂F a
∂ye
)
,
Γ (ρ˜, IdE)
(◦
δ˜d
)(
(ρ, η) Γ˚ac
)
= Γ (ρ˜, IdE)
(
δ˜d
)
((ρ, η) Γac)
+
1
4
Γ (ρ˜, IdE)
(
δ˜d
)(
g˜ec ◦ h ◦ π
∂F a
∂ye
)
−
1
4
g˜ed ◦ h ◦ π
∂F f
∂ye
∂
∂yf
((ρ, η) Γac)
−
1
16
g˜ed ◦ h ◦ π
∂F f
∂ye
∂
∂yf
(
g˜ec ◦ h ◦ π
∂F a
∂ye
)
,
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Lecd ◦ h ◦ π · (ρ, η) Γ˚
a
e = L
e
cd ◦ h ◦ π · (ρ, η) Γ
a
e
+Lecd ◦ h ◦ π ·
(
g˜fe ◦ h ◦ π
∂F a
∂yf
)
it results the conclusion of the theorem. q.e.d.
Proposition 8.1 If S is the canonical (ρ, η)-semispray associated to the mechanical
(ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from B
v-morphism (g, h), then
(8.8) 2Ga´ = 2GaM a´a ◦ h ◦ π − (g
a
b ◦ h ◦ π) y
b
(
ρia ◦ h ◦ π
)
∂ya´
∂xi
.
Proof. Since the Jacobian matrix of coordinates transformation is∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂M a´a ◦ π
∂xi
ya M a´a ◦ π
∥∥∥∥∥∥ =
∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂ya´
∂xi
M a´a ◦ π
∥∥∥∥∥∥
and∥∥∥∥∥∥
M a´a ◦ h ◦ π 0
ρia ◦ (h ◦ π)
∂ya´
∂xi
M a´a ◦ π
∥∥∥∥∥∥ ·

 (gab ◦ h ◦ π) yb
−2
(
Ga −
1
4
F a
)  =


(
ga´b´ ◦ h ◦ π
)
yb´
−2
(
Ga´ −
1
4
F a´
)  ,
the conclusion results immediately. q.e.d.
In the following, we consider a differentiable curve I
c
−→ M and its (g, h)-lift c˙.
Definition 8.3 If it is verifies the following equality:
(8.9) dc˙(t)
dt
= Γ (ρ˜, IdE)S (c˙ (t)) ,
then we say that the curve c˙ is an integral curve of the (ρ, η)-semispray S of the me-
chanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ),
Theorem 8.5 All (g, h)-lifts solutions of the equations:
(8.10) dy
a(t)
dt
+ 2Ga◦ u (c, c˙) (x (t))=12F
a◦ u (c, c˙) (x (t)), a∈1,r,
where x (t) = (η ◦ h ◦ c) (t) , are integral curves of the canonical (ρ, η)-semispray asso-
ciated to mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible
Bv-morphism (g, h) .
Proof. Since the equality
dc˙(t)
dt
= Γ (ρ˜, IdE)S (c˙ (t))
is equivalent to
d
dt
((η ◦ h ◦ c)i(t), ya(t))
=
(
ρia ◦ η ◦ h ◦ c(t)g
a
b ◦ h ◦ c(t)y
b(t),−2
(
Ga −
1
4
F a
)
((η ◦ h ◦ c)i(t), ya(t))
)
,
it results
dya (t)
dt
+ 2Ga
(
xi (t) , ya (t)
)
=
1
2
F a
(
xi (t) , ya (t)
)
, a ∈ 1, n,
dxi (t)
dt
= ρia ◦ η ◦ h ◦ c (t) g
a
b ◦ h ◦ c (t) y
b (t) ,
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where xi (t) = (η ◦ h ◦ c)i (t). q.e.d.
Definition 8.4 If S is a (ρ, η)-semispray, then the vector field
(8.11) [C, S](ρ,η)TE − S
will be called the derivation of (ρ, η)-semispray S.
The (ρ, η)-semispray S will be called (ρ, η)-spray if the following conditions are
verified:
1. S ◦ 0 ∈ C1, where 0 is the null section;
2. Its derivation is the null vector field.
The (ρ, η)-semispray S will be called quadratic (ρ, η)-spray if there are verified the
following conditions:
1. S ◦ 0 ∈ C2, where 0 is the null section;
2. Its derivation is the null vector field.
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we obtain the
spray and the quadratic spray which is similar with the classical spray and quadratic
spray.
Theorem 8.6 If S is the canonical (ρ, η)-spray associated to mechanical (ρ, η)-
system ((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h), then
(8.12)
2
(
Ga − 14F
a
)
= (ρ, η) Γac
(
gcf ◦ h ◦ π
)
yf
+12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
−12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
+12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
yf
We obtain the spray
(8.13)
S = (gab ◦ h ◦ π) y
b∂˜a − (ρ, η) Γac
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
−12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
yf
·
∂˜a
This spray will be called the canonical (ρ, η)-spray associated to mechanical system
((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h).
In particular, if (ρ, η) = (idTM , IdM ) and (g, h) = (IdE , IdM ) , then we get the
canonical spray associated to connection Γ which is similar with the classical canonical
spray associated to connection Γ.
Proof. Since
[C, S](ρ,η)TE =
[
ya
·
∂˜a,
(
gbe ◦ h ◦ π · y
e
)
∂˜b
]
(ρ,η)TE
− 2
[
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
,
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[
ya
·
∂˜a,
(
gbe ◦ h ◦ π · y
e
)
∂˜b
]
(ρ,η)TE
=
(
gbe ◦ h ◦ π · y
e
)
∂˜b
and [
ya
·
∂˜a,
(
Gb − 14F
b
) ·
∂˜b
]
(ρ,η)TE
= ya
∂
(
Gb − 14F
b
)
∂ya
·
∂˜b −
(
Gb −
1
4
F b
) ·
∂˜b
it results that
(S1) [C, S](ρ,η)TE − S = 2
(
−yf
∂
(
Ga − 14F
a
)
yf
+ 2
(
Ga −
1
4
F a
)) ·
∂˜a
Using equality (8.3), it results that
(S2)
∂
(
Ga − 14F
a
)
yf
= (ρ, η) Γac
(
gcf ◦ h ◦ π
)
+12
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
−12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
+12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
(
gcf ◦ h ◦ π
)
Using equalities (S1) and (S2), it results the conclusion of the theorem. q.e.d.
Theorem 8.7 All (g, h)-lifts solutions of the following system of equations:
(8.14)
dya
dt
+ (ρ, η) Γac
(
gcf ◦ h ◦ π
)
yf
+
1
2
(
gde ◦ h ◦ π
)
ye
(
Lbdc ◦ h ◦ π
)
(g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
−
1
2
(
ρjc ◦ h ◦ π
) ∂ (gbe ◦ h ◦ π)
∂xj
ye (g˜ab ◦ h ◦ π)
(
gcf ◦ h ◦ π
)
yf
+
1
2
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂ (g˜ac ◦ h ◦ π)
∂xi
(
gcf ◦ h ◦ π
)
yf = 0,
are the integral curves of canonical (ρ, η)-spray associated to mechanical (ρ, η)-system
((E, π,M) , Fe, (ρ, η) Γ) and from locally invertible B
v-morphism (g, h) .
9 A Lagrangian formalism for Lagrange mechanical (ρ, η)-
systems
Let ((E, π,M) , Fe, L) be an arbitrarily Lagrange mechanical (ρ, η)-system.
Let (dz˜α, dy˜a) be the natural dual (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
.
It is very important to remark that the 1-forms dz˜a, dy˜a, a ∈ 1, p are not the
differentials of coordinates functions as in the classical case, but we will use the same
notations. In this case
(dz˜a) 6= d(ρ,η)TE (z˜a) ,
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where d(ρ,η)TE is the exterior differentiation operator associated to exterior differential
F (E)-algebra
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧) .
Let L be a regular Lagrangian and let (g, h) be a locally invertible Bv-morphism of
(E, π,M) source and target.
Definition 9.1 The 1-form
(9.1) θL = (g˜
e
a ◦ h ◦ π · Le) dz˜
a
will be called the 1-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
We obtain easily:
(9.2) θL
(
∂˜a
)
= g˜eb ◦ h ◦ π · Le, θL
( ·
∂˜b
)
= 0.
Definition 9.2 The 2-form
ωL = d
(ρ,η)TEθL
will be called the 2-form of Poincare´-Cartan type associated to the Lagrangian L and
to the locally invertible Bv-morphism (g, h).
By the definition of d(ρ,η)TE , we obtain:
(9.3)
ωL (U, V ) = Γ (ρ˜, IdE) (U) (θL (V ))
−Γ (ρ˜, IdE) (V ) (θL (U))− θL
(
[U, V ](ρ,η)TE
)
,
for any U, V ∈ Γ ((ρ, η)TE, (ρ, η) τE , E).
Definition 9.3 The real function
(9.4) EL = y
aLa − L
will be called the energy of regular Lagrangian L.
Theorem 9.1 The equation
(9.5) iS (ωL) = −d(ρ,η)TE (EL) , S ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) ,
has an unique solution SL (g, h) of the type:
(9.6) (gae ◦ h ◦ π) y
e∂˜a − 2
(
Ga − 14F
a
) ·
∂˜a,
where
(9.7) −2
(
Ga − 14F
a
)
= Eb (L, g, h) L˜
be (gae ◦ h ◦ π)
and
(9.8)
Eb (L, g, h) =
(
ρib◦h◦π
)
Li −
(
ρib◦h◦π
)
yaLia
−
(
gdf ◦ h ◦ π
)
yf
(
ρid◦h◦π
) ∂((g˜eb◦h◦pi)Le)
∂xi
+
(
gdf ◦ h ◦ π
)
yf
(
ρib◦h◦π
) ∂((g˜ed◦h◦pi)Le)
∂xi
+
(
gdf ◦ h ◦ π
)
yf (Lcdb◦h◦π) (g˜
e
c ◦ h ◦ π)Le
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SL (g, h) will be called the canonical (ρ, η)-semispray associated to Lagrange mecha-
nical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
Proof. We obtain that
iS (ωL) = −d
(ρ,η)TE (EL)
if and only if
ωL (S,X) = −Γ (ρ˜, IdE) (X) (EL) ,
for any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Particularly, we obtain:
ωL
(
S, ∂˜b
)
= −Γ (ρ˜, IdE)
(
∂˜b
)
(EL) .
If we expand this equality, we obtain
(
gdf ◦ h ◦ π
)
yf
[(
ρid◦h◦π
) ∂((g˜eb◦h◦pi)Le)
∂xi
−
(
ρib◦h◦π
) ∂((g˜ed◦h◦pi)Le)
∂xi
− (Lcab◦h◦π) (g˜
e
c ◦ h ◦ π)Le]− 2
(
Ga −
1
4
F a
)
(g˜ea ◦ h ◦ π) · Leb
= ρib◦h◦π · Li −
(
ρib◦h◦π
) ∂ (yaLa)
∂xi
.
After some calculations, we obtain the conclusion of the theorem. q.e.d.
Remark 9.1 If Fe = 0 and η = IdM , then
Eb (L, IdE , IdM ) =
(
ρib◦π
)
Li −
(
ρib◦π
)
ydLid + y
d (Lcdb◦π)Lc
and SL (IdE , IdM )
put
= SL is the canonical ρ-semispray associated to regular Lagrangian
L which is similar with the semispray presented in [9] by M. de Leon, J. Marrero and
E. Martinez. (see also [11])
In addition, if Fe 6= 0 and (ρ, η) = (IdTM , IdM ), then SL (IdE , IdM )
put
= SL will
be called the canonical semispray which is similar with the semispray presented by
I. Bucataru and R. Miron in [5].
In particular, if Fe = 0 and (ρ, η) = (IdTM , IdM ), then SL (IdM , IdE)
put
= SL will be
called the canonical semispray which is similar with the canonical semispray presented
by R. Miron and M. Anastasiei in [13]. (see also [14, 15])
Theorem 9.2 If SL (g, h) is the canonical (ρ, η)-semispray associated to Lagrange
mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism
(g, h), then the real local functions
(9.9)
(ρ, η) Γac = −
1
2
(
g˜dc ◦ h ◦ π
) ∂(Eb(L,g,h)L˜be(gae◦h◦pi))
∂yd
−12
(
gde ◦ h ◦ π
)
ye
(
L
f
dc ◦ h ◦ π
)(
g˜af ◦ h ◦ π
)
+12
(
ρ
j
c ◦ h ◦ π
)
∂(gbe◦h◦pi)
∂xj
ye (g˜ab ◦ h ◦ π)
−12
(
gbe ◦ h ◦ π
)
ye
(
ρib ◦ h ◦ π
) ∂(g˜ac ◦h◦pi)
∂xi
are the components of a (ρ, η)-connection (ρ, η) Γ for the vector bundle (E, π,M) which
will be called the (ρ, η)-connection associated to Lagrange mechanical (ρ, η)-system
((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h).
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In particular, if η = h = IdM and g = IdE , then we obtain
(9.9′) ρΓac = −
1
2
∂
(
Eb (L, IdE , IdM ) L˜
ba
)
∂yc
−
1
2
ybLabc ◦ π.
Theorem 9.3 The parallel (g, h)-lifts with respect to (ρ, η)-connection (ρ, η) Γ are
the integral curves of the canonical (ρ, η)-semispray associated to mechanical (ρ, η)-
system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h) .
Definition 9.4 The equations
(9.10)
dya (t)
dt
−
(
Eb (L, g, h) L˜
be (gae ◦ h ◦ π)
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = η ◦ h ◦ c (t), will be called the equations of Euler-Lagrange type associated
to Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-
morphism (g, h) .
The equations
(9.10′)
dya (t)
dt
−
(
Eb (L, IdE , IdM ) L˜
ba
)
◦ u (c, c˙) (x (t)) = 0,
where x (t) = c (t), will be called the equations of Euler-Lagrange type associated to
Lagrange mechanical (ρ, η)-system ((E, π,M) , Fe, L).
Remark 9.1 The integral curves of the canonical (ρ, η)-semispray associated to me-
chanical (ρ, η)-system ((E, π,M) , Fe, L) and from locally invertible B
v-morphism (g, h)
are the (g, h)-lifts solutions for the equations of Euler-Lagrange type (9.10).
Using our theory, we obtain the following
Theorem 9.4 If F is a Finsler fundamental function, then the geodesics on the
manifold M are the curves such that the components of their (g, h)-lifts are solutions
for the equations of Euler-Lagrange type (9.10) .
Therefore, it is natural to propose to extend the study of the Finsler geometry from
the usual Lie algebroid ((TM, τM ,M) , [, ]TM , (IdTM , IdM )) , to an arbitrary (generali-
zed) Lie algebroid
(
(E, π,M) , [, ]E,h , (ρ, η)
)
.
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